PERIODIC  HOMEOMORP H I SMS  ON 
S2  x (0,1)  AND  R3 


BY 


DAVID  G.  WINSLOW 


A DISSERTATION  PRESENTED  TO  THE  GRADUATE  COUNCIL 
OF  THE  UNIVERSITY  OF  FLORIDA  IN 
PARTIAL  FULFILLMENT  OF  THE  REQUIREMENTS  FOR  THE 
DEGREE  OF  DOCTOR  OF  PHILOSOPHY 


UNIVERSITY  OF  FLORIDA 


ACKNOWLEDGEMENTS 


I would  like  to  express  my  appreciation  to  the  members 
of  my  supervisory  committee,  and  in  particular  to  Gerhard 
Ritter,  for  suggesting  this  problem  to  me.  His  enthusiasm 
for  mathematics  was  largely  responsible  for  my  interest  in 
the  area  of  topology.  I would  also  like  to  thank  Dave 
Wilson  for  his  helpful  suggestions. 

To  my  father,  I would  like  to  express  my  gratitude  for 
his  support  and  his  many  sacrifices,  both  large  and  small, 
that  have  allowed  me  to  pursue  a career  in  mathematics. 

Above  all,  I would  like  to  thank  my  wife  Alicia  for 
her  continued  encouragement  and  moral  support.  It  is  to 
her  that  this  is  dedicated. 


11 


TABLE  OF  CONTENTS 


Page 

ACKNOWLEDGEMENTS  ii 

ABSTRACT iv 

INTRODUCTION  1 

CHAPTER 

ONE  PRELIMINARIES 4 

PL  Topology  of  3-Manifolds  4 

Notation,  Definitions,  and  Preliminary 

Theorems 7 

TWO  A SPECIAL  2-SPHERE  INS2  x (0,1)  . . . . 10 

2 

The  Involution  h 11 

A General  Positioning  Lemma 12 

A Special  2-Sphere  in  S2  x ( 0 , 1 ) . . . . 22 

2 

THREE  PERIOD  FOUR  ACTIONS  ON  S x (0,1).  ...  30 

Actions  on  S2  x [0,1] 30 

Z.  Actions  on  S2  x (0,1) 42 

FOUR  2n  ACTIONS  ON  S2  x (0,1)  AND  R3 53 

2n  Actions  on  S2  x (0,1) 53 

Cyclic  2n  Actions  on  R3 62 

REFERENCES 68 


iii 


BIOGRAPHICAL  SKETCH 


70 


Abstract  of  Dissertation  Presented  to  the 
Graduate  Council  of  the  University  of  Florida 
in  Partial  Fulfillment  of  the  Requirements  for  the 
Degree  of  Doctor  of  Philosophy 

PERIODIC  HOMEOMORPHISMS  ON  S2  x (0,1)  and  R3 

By 

David  G.  Winslow 
August  1979 

Chairman:  Gerhard  X.  Ritter 

Major  Department:  Mathematics 

It  has  been  conjectured  that  all  periodic  homeomor- 
phisms  acting  piecewise  linearly  on  a given  3-manifold  must 
be  conjugate  to  the  standard  periodic  homeomorphisms  on  that 
manifold.  Many  results  have  been  obtained  when  the  given 
3-manifold  is  compact.  For  example,  it  has  been  shown  that 
if  h:  F x i -v  f x i is  an  involution,  where  F denotes  any 
surface  and  I denotes  the  unit  interval,  then  h is  topologi- 
cally equivalent  to  a product  involution.  Recently,  analo- 
gous results  have  been  obtained  for  various  noncompact 
3-manifolds.  The  results  obtained  in  the  noncompact  case 
have,  for  the  most  part,  been  restricted  to  PL  involutions 

on  certain  3-manifolds.  In  this  dissertation,  it  is  shown 
2 

that  S x (0,1)  admits  exactly  four  nonequxvalent  cyclic 

2n  actions,  n>2,  and  R3  admits  exactly  two  nonequivalent 

2 

cyclic  2n  actions,  n>2 , up  to  weak  conjugation,  where  S 


IV 


and  R denote  the  standard  2-sphere  and  Euclidean  3-space, 

respectively.  The  method  used  in  each  case  is  to  first 

classify  all  Z^  actions  and  then  extend  the  classification 

to  arbitrary  2n  actions,  n>2,  primarily  using  the  Lifting 

2 

Theorem.  It  is  also  established  that  S x (0,1)  admits  no 

free  Z actions  for  m>2.  K.  W.  Kwun  and  J.  L.  Tollefson 
m 

2 

have  shown  that  S x (0,1)  admits  exactly  seven  nonequivalent 

PL  involutions  and  R admits  exactly  three  nonequivalent  PL 

involutions  up  to  conjugation.  Their  results  together  with 

the  results  obtained  in  this  dissertation  provide  a complete 

2 

classification  of  all  cyclic  2n  actions,  n>l,  on  S x (0,1) 

3 

and  R up  to  weak  conjugation. 


v 


INTRODUCTION 


It  has  been  conjectured  that  all  periodic  homeomor- 
phisms  acting  piecewise  linearly  on  a given  3-manifold  must 
be  conjugate  to  the  standard  periodic  homeomorphisms  on 
that  manifold.  Much  work  has  been  done  on  this  problem 
when  the  given  3-manifold  is  compact  (see  [8] , [9] , [16],  and 

[20]).  Recently,  analogous  results  have  been  obtained  by 
Ritter  and  Clark  [17],  and  Kwun  and  Tollefson  [11],  for 
various  noncompact  3-manifolds.  The  results  obtained  in  the 
noncompact  case  have,  for  the  most  part,  been  restricted  to 
PL  involutions  on  certain  3-manifolds.  In  this  dissertation, 

n 

we  show  that  S x (0,1)  admits  exactly  four  nonequivalent 
cyclic  2 actions,  n>2,  and  R admits  exactly  two  non- 
equivalent cyclic  2n  actions,  n>2,  up  to  weak  conjugation. 

Chapter  One  contains  a brief  review  of  PL  topology 
relating  to  3-manifolds  as  well  as  basic  notation  and 
definitions  of  terms  which  will  be  used  in  the  sequel. 

The  next  two  chapters  are  devoted  to  the  classification  of 

2 

Z4  actions  on  S x (0,1).  Suppose  that 

h:  S2  x (0,1)  v S2  x (0,1)  is  a semifree  Z^  action  on 

S2  x (0,1).  In  Chapter  Two,  we  construct  a 2-sphere,  S, 

in  S2  x (0,1)  such  that  S does  not  bound  a 3-cell  and  either 

S is  h-invariant  or  S n hS  = 0 with  h2S  = S.  This  2-sphere 


1 


plays  a central  role  in  the  classification  of  Z4  actions 
2 1 

on  both  S x (0,1)  and  R . Since  S does  not  bound  a 3-cell, 
2 

S separates  S * (0,1)  into  two  components,  A and  B,  each 

2 

homeomorphic  to  S x (0,1).  In  the  event  that  S is  h- 

invariant,  either  both  A and  B are  h-invariant  or  hA  = B. 

If  A and  B are  h-invariant,  we  obtain  a decomposition  of 

x (0,1)  into  S ^ x (0,1)  = (Un=jCn)  u (Un__pCn),  where 

2 

each  Cn  is  h-invariant  and  homeomorphic  to  S x [0,1]. 

2 

If  S n hS  = 0 or  hS  = S and  hA  = B,  S x (0,1)  may  be  de- 

2 00 

composed  into  S x (0,1)  = DQ  u (U^_nD^  u hD„ ) , where  Dn  is 


n=l  n 


n ' 


0 


a 3-annulus  invariant  under  h,  and  each  Dn  is  an  h - 


invariant  3-annulus.  In  Chapter  Three,  we  first  classify 

2 

all  Z . actions  on  S x [0,1]  . Thus,  if 


S * (0'1}  = (Un=lV  u (Un'=-lCn)' 


there  is  a homeomorphism  an : CR 


[0,1] , for  each  n , 


-1  2 2 
such  that  anhan  (x,t)  = (s(x),t),  where  s:  S ->•  S is  a 

2 2 

standard  action  on  S and  (x,t)  e S x (0,1).  Furthermore, 
by  a slight  alteration  of  the  sequence  of  homeomorphisms , 

r , °o  9 2 

la  } , a homeomorphism  a:  S x (0,1)  S x (0,1)  is 

n=-oo 

constructed  so  that  aha  x(x,t)  = (s(x),t).  A similar  tech- 
nique is  used  in  the  case  that 


S x (0,1)  - DQ  u (Un=1Dn  u hDn) . 


The  nonfree  Z^  actions  are  handled  in  a somewhat  easier 


manner . 


In  Chapter  Four,  we  obtain  a classification  of  all 

cyclic  2n  actions  on  x (0,1) , n>2.  It  is  also  shown 
2 

that  S x (0,1)  admits  no  free  Zm  actions  for  m>2.  It 

follows  from  Theorem  1 [11]  and  Theorem  A [10]  that  there 

2 

are  seven  nonequivalent  PL  involutions  on  S x (0,1),  and 
thus  all  cyclic  2n  actions  on  x (0,1)  are  classified  up 
to  weak  conjugation,  n>l. 

The  remainder  of  Chapter  Four  is  devoted  to  the  classi- 
fication of  2n  actions  on  , n>2.  We  first  show  that  if 
3 3- 

h:  R -*  R is  a action  then  fix(h)  is  either  a single 
point  or  an  open  arc.  If  fix(h)  is  homeomorphic  to  an 

J<£ 

open  arc,  then  fix(h  ) is  homeomorphic  to  an  open  arc  for 

l<k<4.  That  h is  a standard  follows  from  Theorem  1 [12] 

and  a simple  application  of  the  lifting  theorem.  If  fix (h) 

3 

is  homeomorphic  to  a point,  then  R - N is  homeomorphic  to 
2 

S x (0,1)  and  is  invariant  under  h,  where  N is  a regular 

2 

neighborhood  of  fix(h) . The  techniques  used  for  S x (0,1) 

are  then  applied  to  construct  a conjugation  map 
3 3 

oi:  Cl  (R  - N)  -»•  Cl  (R  - B),  where  B denotes  the  standard 

unit  3-ball,  which  can  easily  be  extended  to  N by  coning 

over  the  boundary  of  N to  obtain  a homeomorphism 
3 3 -1 

a:  R R such  that  aha  = s,  where  s is  a standard 
action.  We  extend  the  classification  to  arbitrary  2n 
actions,  n>2,  primarily  using  the  lifting  theorem.  It 
follows  from  Theorem  1 [12] , and  Theorem  1 [11] , that  there 
are  three  nonequivalent  involutions  on  R^  and  thus  all 
cyclic  2n  actions  on  R^  are  classified,  n>l. 


CHAPTER  ONE 
PRELIMINARIES 

The  first  section  of  this  chapter  is  devoted  to  a brief 
review  of  PL  topology  relating  to  3-manifolds.  The  defi- 
nitions and  development  found  in  [5]  and  [7]  are  followed 
closely.  We  define  only  those  concepts  which  will  be  needed 
in  the  sequel,  and  we  refer  the  reader  to  [7]  for  a more 
general  treatment.  The  second  section  includes  general 
notation,  definitions,  and  two  preliminary  theorems  appear- 
ing in  other  sources  which  will  be  used  in  the  remaining 
chapters.  Specific  terms  which  have  limited  use  will  be 
defined  in  later  chapters  as  the  need  arises. 

PL  Topology  of  3-Manifolds 

Let  Rn  denote  Euclidean  n-space.  If  a is  a simplex  in 
R11/  for  some  n,  and  {a^ , a-^ , . . . , a^ } are  its  vertices,  then 
the  notation  <ap , a-^ , . . . , a^>  will  be  used  to  represent  a if 
there  is  a need  to  specify  its  vertices.  We  will  view  a 
simplicial  complex  as  a locally  finite  collection,  K,  of 
simplexes  in  Rn , for  some  n,  satisfying: 

i.  If  o e K and  t is  a face  of  a,  then  x e K. 
ii.  If  a,  x e K,  then  a n x is  a face  of  both  a and  x. 
The  underlying  space  of  K will  be  denoted  by 

| K | = U {a | a e K} . A simplicial  complex  L is  a subdivision 


4 


of  K if 


I K | = | L | and  each  simplex  of  L lies  in  some  simplex 
of  K.  For  simplicial  complexes  K-^  and  K2 , a map 


f:  | K-^  | -+  | | is  piecewise  linear , or  a PL  map,  provided 

there  are  subdivisions  L-^  of  K1  and  L2  of  K2  with  respect 
to  which  f is  simplicial,  i.e.,  f takes  vertices  of  to 
vertices  of  L2  and  takes  each  simplex  of  linearly,  in 
terms  of  barycentric  coordinates,  onto  a simplex  of  L„ • 

Now,  let  K be  a simplicial  complex  considered  as  a 
subset  of  Rn  for  some  n.  If  x and  a are  simplexes  in  K,  we 
use  the  notation,  x<a  , to  indicate  x is  a face  of  a. 

The  star  of  o_  in  K,  denoted  by  st(a,I<)  is  defined  by 
st(a,K)  = {x  e I<  | a < x } . The  link  of  £ iri  k,  denoted  by 
lk(o,K),  is  defined  as  lk(a,K)  = {x  e k|x  n a = 0 and  there 
is  a A e K such  that  x<A  and  a<A}.  Suppose 

p = <aQ  , a1 , . . . , a^>  and  y = <bg , b^ , . . . , bm>  are  simplexes  in 
Rn • We  say  that  p and  y are  joinable  in  Rn  if  p n y = 0 
and  the  set  { a^  , a^  , . . . , a ? , bg  , b^ , • . . , b^}  is  in  general 
position  in  Rn . If  p and  y are  joinable  in  Rn,  then  we 
define  the  join  of  p with  y,  p*y,  by 

p y <^^Q/^-j^/**-/an,b^),b-j,«.-,  bm  • 


m 


£ ' 0 ' 1 

If  p and  y are  joinable  in  Rn  and  p*y  e K,  then  we  say  that 
p and  y are  joinable  in  K.  Two  complexes  M and  N are 
joinable  in  Rn  if 


i . 

P * Y 

exi 

sts  for  all 

P e 

M, 

ye  N. 

ii . 

(pp* 

Yl) 

n {P2*Y2}  < 

P1*Y1 

and 

(px* 

^1} 

n ^ p2  * Y2  ^ < 

p2V 

tv 

y2 

all 

Pi ' p2 

£ 

M and  Yy , y2 

e N. 
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If  M and  N are  joinable,  their  join  is  denoted  by  M*N  and 
defined  by  M*N  = M u N u {p*y|p  e M and  y e N}.  If  a e K, 
then  we  may  view  K as  K = (a*L)  u R,  where  L = lk(a,K)  and 
R = { rj  £ K | n / u*L).  Now  let  o'  = {t  e k|t  is  a proper 
face  of  a},  and  let  a e int(o) , where  int(a)  denotes  the 
interior  of  a.  The  complex  K'  = (a*a'*L)  u R is  called  the 
complex  derived  from  K by  starring  K at  a e int(o).  A 
subdivision  of  a complex  K is  called  a first  derived 

subdivision  of  K if  it  is  obtained  by  starring  each  simplex 
a of  K,  in  order  of  increasing  dimension,  at  exactly  one 
interior  point.  An  n^  derived  subdivision,  K^n^,  is  de- 


fined inductively  to  be  = (K^n  ^ 


(1) 


The  barycentric 


first  derived  subdivision  of  K is  the  first  derived  sub- 
division of  K obtained  by  starring  at  the  barycenters  of 
the  simplexes,  and  the  n^^  derived  barycentric  subdivision 
is  defined  analogously. 

A topological  n-manif old  is  a separable  metric  space 
each  of  whose  points  have  an  open  neighborhood  homeomorphic 
to  Rn  or  Ra  = { (x^ ,X2 , . . . /X  ) e Rn|xn>0}.  The  interior  of 
M,  denoted  int(M),  is  the  set  of  all  points  of  M having 
neighborhoods  homeomorphic  to  Rn,  and  the  boundary  of  M, 
denoted  by  9M,  is  M-int (M) . A manifold  is  closed  if  it  is 
compact  and  has  empty  boundary,  and  it  is  open  if  it  has  no 
compact  component  and  has  empty  boundary. 

A triangulation  of  an  n-manifold  M is  a pair,  (T,s) , 
where  T is  a simplicial  complex  and  s:  | T J ->-  M is  a homeo- 
morphism.  Two  triangulations  (Ty'sy)  and  (T2,s2^  are 
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compatible  provided  s^s^  | | ->  |T2  | is  piecewise  linear. 

A triangulation  (T,s)  of  an  n-manifold,  M,  is  combinatorial 
provided  that  for  each  vertex  v of  T,  |lk(v,T)|  is  piecewise 
linearly  homeomorphic  to  an  (n-1 ) -simplex  or  the  boundary 
of  an  n-simplex.  A PL  structure  on  a manifold  M is  a 
maximal,  nonempty  collection  of  compatible  combinatorial 
triangulations  of  M.  By  a PL  manifold  we  will  mean  a 
manifold,  M,  together  with  a PL  structure  on  M.  It  follows 
from  the  triangulation  theorem  due  to  Bing  [2]  and  Moise  [14] 
that  every  3-manifold  has  a unique  PL  structure  up  to  PL 
homeomorphism.  A submanifold,  N,  of  a PL  manifold,  M,  is 
a PL  submanifold  if  there  is  a triangulation  (T,s)  in  the 
PL  structure  on  M and  a subcomplex  L of  T such  that  (L,s|  ) 

Li 

is  a combinatorial  triangulation  of  N. 

Now  let  M be  a 3-manifold  and  h:  M -»•  M a periodic 
homeomorphism.  We  say  that  h is  a PL  homeomorphism  if 
there  is  a PL  structure  on  M and  triangulations  (T-^,s^)  and 


(T2,s2)  within 

the  PL 

structure  such  that 

-1 

S2 

hs-^  : 

1 t-l  | - | T2 1 

is  piecewise  linear. 

Since  s^s^  | T2 1 

IT1 

1 is 

piecewise 

linear,  we  may 

assume 

that  s-^hs^  : | T^J  -* 

IT1 

1 is 

simplicial 

for  a suitable 

subdivision  of  T-^ . 

Notation,  Definitions,  and  Preliminary  Theorems 

Unless  otherwise  stated,  we  will  assume  that  all  spaces, 
subspaces,  and  maps  are  in  the  PL  category;  Sn  and  Rn  will 
denote  the  n-sphere  and  Euclidean  n-space,  respectively. 

An  n-cell  is  any  space  PL  homeomorphic  to  an  n-simplex. 
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An  n-annulus  is  any  space  homeomorphic  to  Sn_1  x [0,1], n>2. 
An  open  n-annulus  is  simply  the  interior  of  an  n-annulus. 
The  closure,  boundary,  and  interior  of  a set.  A,  will  be 
denoted  by  Cl (A)  , 3A,  and  int  (A)  , respectively. 

Given  a homeomorphism  h:  M -*  M of  a period  n,  where  M 

, • . k 1c 

1S  a 3-manif old , fix(h  ) = {x  e M|h  (x)  = x}  will  denote 

k 

the  fixed  point  set  of  h , l<k<n.  We  say  that  h is  a 

semif ree  action  if  fix(h)  = 0,  and  fix(h^)  0-  0 for  some  k, 

k 

l<k<n;  h is  a nonf ree  action  if  fix(h  ) 0 0 for  each  k, 

k 

l<k<n;  and  h is  a free  action  if  fix(h  ) = 0 for  all  k, 

k 

l<k<n.  The  symbol  <h  > will  denote  the  group  of  homeo- 
morphisms  generated  by  h , l<k<n.  If  s:  M + M is  also  a 
homeomorphism,  we  say  that  h is  conjugate  to  s provided 


there  is  a homeomorphism  a:  M ->  M such  that  aha 


-1 


= s . 


If  the  homeomorphism  a satisfies  the  weaker  condition  that 
<aha  > = <s>,  we  say  that  h is  weakly  conjugate  to  s. 
Finally,  a homeomorphism  g:  int(M)  + int (M)  can  be  extended 
to  M if  there  is  a homeomorphism  g':  M -*  M such  that 

int (M)  is  conjugate  g. 

The  following  two  theorems  are  used  numerous  times  in 
the  following  chapters  and  are  listed  here  for  easy  refer- 
ence . 


Theorem  1.1  (Theorem  1 [11]).  Let  M be  a compact 

3-manifold  and  h and  involution  of  int(M).  Then  h can  be 
extended  to  M.  Furthermore,  the  extension  of  h is  unique 


up  to  conjugation. 
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Theorem  1.2  (Theorem  A [10]).  Let 
surface  and  let  h be  a PL  involution  of 
h(F  x 01)  = F x 3i,  where  I denotes  the 
Then  there  exists  a map  g of  F (with  g2  = 
that  h is  equivalent  to  the  involution  h 
by  h ' (x  , t ) = (g  (x)  , A (t ) for  (x,t)  e F x 
A ( t ) = 1-t . 


F be  a compact 
F x i such  that 
unit  interval. 

identity)  such 
' of  F x i defined 
I and  A ( t ) = t or 


CHAPTER  TWO 

A SPECIAL  2-SPHERE  IN  S2  x (0,1) 

Let  h:  S2  x (0,1)  S2  x (0,1)  be  a semifree  action 

2 

on  S x (0,1).  In  this  chapter,  we  construct  a 2-sphere,  S, 
2 

in  S x (0,1)  such  that  S does  not  bound  a 3-cell  and  either 

hS  = S or  S n hS  = 0 with  the  property  that  h2S  = S.  This 

2-sphere  will  play  a central  role  in  both  the  classification 

2 ^ 

of  Z^  actions  on  S x (0,1)  and  R . In  the  first  section, 

2 

it  is  shown  that  h is  conjugate  to  the  standard  involution 

s:  S2  x (0,1)  -»■  S2  x (0,1)  defined  by  s(x,t)  = (o(x),t), 

2 2-  o 

where  o : S S is  the  standard  period  2 rotation  of  S 

leaving  the  poles  fixed.  Thus,  there  is  a 2-sphere,  S, 

— 2—  — — 
such  that  S does  not  bound  a 3-cell  and  h S = S . Next,  S 

is  altered  to  a 2-sphere,  S',  that  satisfies  the  following 

properties : 

2 

l.  S'  does  not  bound  a 3-cell  in  S x (0,1) ; 
ii.  h2S'  = S'  ; 

iii.  S'  n hS ' = 0 or  S ' n hS 1 consists  of  a finite 

number  of  simple  closed  curves  at  which  S'  and  hS ' meet 

transversely . To  clarify  condition  iii,  we  say  that  S'  and 

hS'  meet  transversely  at  a simple  closed  curve  J c S'  n hS ' 

if  N(J,S')  n A^  ^ 0 , i = 1,2,  where  A^  and  A2  are  the  com- 
2 

ponents  of  S x (0,1)  - hS ' and  N(J,S')  is  a regular 
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neighborhood  of  J in  S'.  Finally,  if  S'  n hS'  ^ J0,  S' 
is  altered  to  a 2-sphere,  S,  satisfying  the  desired 
properties . 


9 

The  Involution  h 

If  h:  x (0,1)  -x  x (0,1)  is  a Z^  action,  then 

h^ : x (0,1)  -*  S2  x (0,1)  is  an  involution.  The  follow- 

2 

ing  theorem  classifies  h up  to  conjugation. 

Theorem  2.1.  Let  h:  x (0,1)  -+  x (0,1)  be  a 

2 

action.  Then  there  is  a homeomorphism  a:  S x (0,1)  •> 

x (0,1)  such  that  ah2a  ^(x,t)  = (o(x),t),  x e and 

2 2 

t e (0,1),  where  o:  S S is  the  standard  period  2 
2 

rotation  on  S leaving  the  poles  fixed. 

Proof  of  Theorem  2.1. 

2 

By  Theorem  1.1,  there  is  a PL  involution  h':  S x [0,1] 

S 2 x [0,1]  and  a homeomorphism  6:  S2  x (0,1)  S2  x (0,1) 

2-1  i 

such  that  Bh  8 = h'  g2  x (g  1)‘  Theorem  1.2,  there  is 

2 2 

a homeomorphism  p':S  x [0,1]  ->  S x [0,1]  such  that 
p'h'p'  d(x,t)  = (s(x),A(t)),  where  s:  S2  -*■  S2  is  an 
involution  and  A(t)  = t or  A(t)  = 1-t.  Let 

p = p'|s2  x (o,i)  and  a = pP • 

2 -1 

Then  ah  a (x,t)  = (s(x),A(t)). 
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2 

Let  D - [S  x (0,1)  u {-00  , 00  }]  denote  the  two  point 

2 

compact if ic at ion  of  S x (0,1).  Then  D is  homeomorphic 

3 

to  S , and  there  is  a homeomorphism  (not  necessarily  PL) 

. . 9 

h* : D ->  D which  extends  h.  Clearly  h*  is  orientation 

2 2 

preserving,  and  fix  (h*  ) ^ 0 since  {-co,oo}  c fix(h*  )• 

By  Smith's  Theorem  [18],  fix(h*^)  is  homeomorphic  to  S ^ , 

2 ■ 2 

and  hence  fix(h  ) = [fix(h*  ) - {-<»,co}]  is  homeomorphic 
to  two  open  arcs. 

2 -1 

It  now  follows  easily  that  ah  a (x,t)  = (a(x),t), 

2 2.  2 

where  a:  S -*■  S is  the  standard  period  2 rotation  on  S 

leaving  the  poles  fixed. 

2 

Theorem  2.1,  aside  from  classifying  the  action  h , 

provides  some  interesting  intrinsic  properties  which  we 

shall  use  later.  First,  there  is  a 2-sphere,  S,  which  does 

9 9 

not  bound  a 3-cell  such  that  h S = S . Secondly,  f ix (h  ) is 

homeomorphic  to  two  open  arcs,  and  any  2-sphere 
2 

S c s x (0,1)  which  does  not  bound  a 3-cell  has  nonempty 

2 

intersection  with  fix(h  )•  Finally,  we  have  the  following 
important  corollary. 

2 

Corollary.  S x (0,1)  admits  no  free  actions. 

A General  Positioning  Lemma 

Results  similar  to  the  following  general  positioning 
lemma  have  appeared  numerous  times  in  the  literature, 
usually  without  proof.  For  example,  it  is  known  that  if  h 
is  a periodic  homeomorphism  acting  freely  on  a 3-manifold, 
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M,  and  T £ int(M)  is  a surface  invariant  under  a subgroup 
<h  > of  <h>,  then  there  is  a surface  T'  isotopic  to  T 
which  is  also  invariant  under  the  subgroup  <h^>  and  either 
T'  n hT'  = 0 or  T1  n hT"  consists  of  a finite  number  of 
simple  closed  curves  at  which  T'  and  hT ' meet  transversely 
(see  [15]).  We  obtain  a similar  result  under  the  weaker 
condition  that  h acts  semifreely. 

Lemma  2.2.  If  h:  S2  x (0,1)  S2  x (0,1)  is  a semi- 

2 

free  action,  then  there  is  a 2-sphere,  S,  in  S x (0,1) 
satisfying  the  following  properties: 

i.  S does  not  bound  a 3-cell; 

ii.  h2S  = S; 

iii.  S n hS  = 0 or  S n hS  consists  of  a finite  number 
of  simple  closed  curves  at  which  S and  hS  meet  transversely. 

Proof  of  Lemma  2.2. 

By  Theorem  2.1,  there  is  a 2-sphere,  S,  satisfying 

• . 2 
conditions  l and  ii,  with  S n fix (h  ) consisting  of  two 

points.  Suppose  S fails  to  satisfy  condition  iii.  S will 

be  altered  by  arbitrarily  small  isotopies  to  satisfy 

condition  iii,  while  preserving  properties  i and  ii.  We 

will  assume  the  following  without  loss  of  generality: 

1.  h:  S 2 * (0,1)  S2  x (0,1)  is  simplicial  for  a 

2 

triangulation , (M,t),  of  S x (0,1); 

2.  the  simplexes,  o , of  M satisfy  the  property  that 

k -1  -1  2 

th  t a n a = 0 whenever  a n t (fix(h  ))  = 0,  1<  k<  4 . 
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From  property  1 above  we  have  that  t 1ht:  H -»  M is  sim- 
plicial.  To  simplify  notation  let  h = t 1ht  and  S = t_1S. 
Note  that  S n h S is  a subcomplex  of  M.  We  remove  "bad" 
simplexes  from  S n h S in  order  of  decreasing  dimension 
so  that  the  resulting  2-sphere,  tS',  will  satisfy  the  con- 
clusion of  the  lemma.  We  first  alter  S to  a 2-sphere, 

S',  which  has  the  properties  that  S'  n h S'  contains  no 
2 — — — 

2-simplexes,  h (tS')  = tS',  and  tS 1 does  not  bound  a 3-cell. 

2 2 

1.  Suppose  | A J J S n hs|,  where  A is  a 2-simplex 
2 2 

in  M.  Then  int(A  ) n fix (h  ) = 0 since  we  assume  that 
2 

fix(h  ) is  a subcomplex  of  M. 

2 —2  2 
Case  a.  Suppose  A n fix(h  ) = 0.  Now  A has 

2 

exactly  two  3-simplexes  in  M which  have  A as  a face,  i.e., 

2 

st(A  , M)  = A u B,  where  A and  B are  3-simplexes.  We  star  A 



at  a e int(A)  and  similarly  star  h A at  h a e int(h  A) . 

2 . 2 
Then  a*A  is  a 3-simplex  containing  A as  a face.  Now  let 

2 

o = a*3A  and 

S'  = [ (S  - (A2  u h2A2))  u (o  u h2o ) ] . 

Clearly  h2S'  = S',  S'  does  not  bound  a 3-cell,  and  S n h S 

consists  of  fewer  2-simplexes.  We  denote  the  new  subdivision 

by  M again  and  let  S'  = S for  simplicity. 

2 —2 

Case  b.  Suppose  A n fix (h  ) 00.  Then 

2 2 2 
A n fix(h  ) is  a point  since  S n fix(h  ) consists  of  two 

—2  2 
points  and  fix(h  ) is  a subcomplex  of  M.  If  A = <a^,a2,a^>, 

—2  — k 

where  a^  e fix(h  ),  then  h (<a2,a^>)  n <a2,a^>  = 0,  l<k<4. 

2 —2  2 — 2 —3  2 — 

Hence,  A n h A = a]_  and  hA  n h A = ha^ , where 
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— • —2  . 2 

ha^  e fix(h  ) . Again,  A has  two  3-simplexes  in  M,  say  A 

2 

and  B,  having  A as  a face.  We  follow  the  same  procedure 

2 — — 

as  in  case  a to  eliminate  A from  S n hS.  Since 

2 — k 2 — ? 

A 0 h A , l<k<4,  A 0 hzA  and  it  follows  that 

int(A)  n int (h2A)  - 0.  Let 

S'  - [ (S  - (A2  u h2A2))  u (a  u h2a)], 

where  a is  defined  as  in  case  a,  and  copy  the  subdivision 
under  the  interates  of  h.  Clearly  S'  does  not  bound  a 3- 
cell,  h2S  = S,  and  S'  n h S'  has  fewer  2-simplexes  in  its 
intersection.  We  denote  the  new  subdivision  by  M again  and 
let  S'  = S. 

Using  the  above  procedure  a finite  number  of  times,  we 

— 2 

can  construct  a 2-sphere,  S'  = tS ' , such  that  h S'  = S', 

S'  does  not  bound  a 3-cell,  and  S'  n h S'  is  a complex  of 
some  subdivision,  M' , of  M under  which  h is  simplicial. 

For  simplicity,  let  M'  = M,  S'  = S,  and  S'  = S. 

2.  We  now  remove  1-simplexes  from  S n hS  satisfying 
the  following  property: 

(*)  If  | A1 1 c |S  n h S | and  A = stfA^hS),  then 

A n E^  = 0 or  A n = 0 where  E-^  and  E2  are  the  components 

of  M - S,  i.e.,  S and  hS  do  not  meet  transversely  at  A^ . 

Case  a.  Suppose  | | £ | S n h S | , A'*"  satisfies 

1 —2 

property  (*),  and  A n fix(h  ) = 0.  We  assume  that  M is 
sufficiently  subdivided  so  that  st(A^,M)  n st(hA^,M)  = 0, 
l<k<4.  Let  M be  a second  derived  subdivision  of  M under 


which  h is  simplicial. 
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Let  D*  = st(A^/M).  The  2-sphere  S will  be  altered 

within  D*  and  corresponding  copies  of  the  alteration  will 

— ( 2 ) 

be  made  under  the  iterates  of  h.  In  M , 


, A 1 1 

1 | 

1 A 1 

l<a0'al>l 

U 

A 

h-* 

QJ 

to 

V 

u 

1 <a2,a3> | 

U 1 

where  a^  and  a^  are  vertices  in  M,  a2  is  a vertex  in  , 

( 2 ) 

and  a^  and  a^  are  vertices  in  M . Let 

D = [st  (<aQ,a^> ,M  2^)  u st(a2,M^2^)  u st ( <a^ , a^ > , M ^ 2 ^ ) ] . 

Now  each  subcomplex  in  this  union  is  a 3-ball,  and  it  can 

( 2)  (2) 

be  shown  that  | st  ( <a^  , a-^  > , M ) n st(a2,M  )|  and 
(2)  (2) 

| st ( <a2 , a^ > , M ) n st(a2,M  )|  are  disks,  and 
(2)  (2) 

st(<ap,a^>,M  ) n st(<a3,a^>  n M ) = 0.  Hence,  D is 

— (2) 

a 3-ball  and  B = |D  n S'  | is  a spanning  disk  for  D.  Also, 
9B  separates  9D  into  two  components  whose  closures  are 
disks,  say  B^  and  B2.  It  follows  easily  from  property  (*) 
that  either  B ^ n hS  = {a^a^}  or  B2  n hS  = {aQ,a^}. 

Without  loss  of  generality,  assume  that  B^  n h S = {a^a^}  . 
Let 

S’  = [ (S  - (B  u h2B)  ) u (Bx  u h2B1)]. 

Clearly  S'  does  not  bound  a 3-cell,  h2S'  = S',  and  by  con- 
struction S'  n h S'  has  fewer  1-simplexes  of  type  (*)  with 

no  new  intersections  involving  2-simplexes  introduced.  We 
— — (2) 

let  S'  = S,  M = M and  continue. 

Case  b.  Suppose  | A'*'  | £ | S n h S | , A"*"  satisfies 

1 —2  — —2 
property  (*),  and  A n fix(h  ) 0 0.  Since  S n fix(h  ) 
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2 

consists  of  two  points  and  fix(E  ) is  a subcomplex  of  M 

1 —2 

it  follows  that  A n fix(h  ) consists  of  a single  point. 

We  again  let  D*  - st(A^»M),  and  assume  that  M is  suffi- 
ciently subdivided  so  that  D*  n h D*  = 0.  We  perform  the 
same  modifications  as  in  case  a to  produce 

S'  = [ ( S - (B  u h2B))  u (B  u E2B  )], 

where  B and  B^  are  defined  as  in  case  a.  By  construction, 

S'  n hS'  has  fewer  1-simplexes  satisfying  property  (*),  and 
no  2-simplexes  are  introduced  in  the  intersection.  To 
verify  that  S'  is  a nonsingular  2-sphere,  it  suffices  to 
show  that  int  ( st  ( A"*- , M)  ) n int  ( st  (E2A^  ,M)  ) = 0.  We  first 

note  that  | int (st (A^ ,M) ) | = {x  e |M|  | x e int(x2)  and 

13  2 12  1 

A < x ; or  x e mt(x  ) and  A < T ; or  x e int(A  )}, 

and  similarly  | int  ( st  (h2  A"*- , M)  ) | = {x  e | M J | x e int(x2) 

and  E2A1  < x 2 ; or  x e int(x2)  and  h2A1  < t2;  or 

x e int(h2A^)},  where  the  x 1 are  i-simplexes  in  M,i  = 2,3. 

We  claim  that  int  (st  (A2'  ,M)  ) n int  (st  (h2A^  ,M)  ) = 0. 

2 i 2 1 

Suppose  there  is  a 3-simplex  |x  | £ |st(A  ,M)  n st (h  A ,M)|. 
Then  A1  < r2  and  h2A1  < x2.  If  A1  = <a  ,a  >,  where 

aQ  e fix(h2),  then  h2A1  = <aQ,h2a1>  with  h2a1  ^ a . Thus 

—2  3 —2  —? 

<a-^,h  a^>  < x , and  it  follows  that  h (<a^,h  a^>)  = 

—2  —2  —9 

<a^,h  a1>-  In  this  case,  fix(h  ) n int ( <a  , h a^> ) f 0, 

■ —2 
contradicting  the  assumption  that  fix (h  ) is  a subcomplex 

of  M.  Hence,  there  are  no  3-simplexes  in  st(A^M)  n 
— 2 1 

st(h  A , M) . Next  suppose  there  is  a 2-simplex 
J t 2 1 £ |st(A2',M)  n st(h2A^,M)|.  Then  A"*-  < x 2 and 
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— 2 12  2 2 

h A < x , and  it  follows  that  t = <a  ,alfh  ai>-  BY  an 

argument  similar  to  the  one  above,  we  obtain  the  contradic- 
—2  . —2 

tion  that  <a^,h  a^>  n fix(h  ) 0 0.  The  verification  that 

int  ( st  (A  , M)  ) n int  (st  (h2A"^  ,M)  ) = 0 is  now  trivial,  and 

the  claim  is  established. 

Thus,  S'  is  a nonsingular  2-sphere,  and  clearly 

S'  does  not  bound  a 3-cell.  Again  we  let  S'  = S and 
(2) 

M = M for  simplicity. 

By  repeating  the  above  alterations  a finite  number  of 
times,  we  can  construct  a 2-sphere,  S'  = tS ' , such  that 
S'  does  not  bound  a 3-cell,  h2S'  = S'  and  S'  n hS'  has 
only  vertices  m M as  intersection  points  and  1-simplexes 
at  which  S'  and  hS'  meet  transversely.  For  simplicity, 
let  S'  = S,  S'  = S,  and  M(2)  - M. 

3.  We  now  remove  vertices,  A^,  from  S n hS  with  the 
following  property: 

(**)  st(A^H  S)  n = 0 or  st(A^,hS)  n E2  = 0, 

where  E-^  and  E2  are  the  components  of  M-S. 

(2 ) 

Again  let  M be  a second  derived  subdivision  of  M under 
which  h is  simplicial,  and  let  | A 0 | £ |S  n hS|  satisfy 
property  ( * * ) . 

Case  a.  Suppose  |A  | / fix(h  ).  Then 
st(A°,M(2))  n st (hkA°,M(2) ) = 0,  l<k<4.  Also  B = st ( A° , S ( 2 } ) 
is  a spanning  disk  for  st(A^,M^2^),  and  9B  separates 
9 ( st ( A^ , M ^ 2 ^ ) into  two  components  whose  closures  are  disks, 
say  B-^  and  B2.  Because  of  property  (**),  either  int(B^)  n 
hS  = 0 or  int(B2)  n hS  = 0.  Without  loss  of  generality, 
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assume  that  intfB^)  n hS  = 0 and  let 

S'  = [ (S  - (B  u h2B))  u (B  u h2B1)]. 

Clearly  h2S'  = S',  S'  does  not  bound  a 3-cell,  and  it  is 

easy  to  verify  that  S n hS  has  fewer  vertices  of  type  (**) 

without  creating  any  new  intersections.  Let  S'  = S’,  and 
( 2 ) 

M = M for  simplicity. 

Q 2 

Case  b.  Suppose  |A  | £ fix (h  ) , and  assume  that  M 
is  sufficiently  subdivided  so  that  st(A^,M)  n st(hA°,M)  = 0 
Since  |A^|  £ fix(h2),  h2 (st (A0 ,M ^2 ^ ) = st(A°»M^2^).  More- 
over, there  is  a 1-simplex,  a^,  such  that  |a‘*'|  £ st(A^,M^2^ 
and  | o’*"  | £ fix(h2).  Otherwise,  A*“*  is  an  isolated  point  of 
fix(h  ),  contradicting  the  fact  that  fix(h  ) is  homeo- 
morphic  to  two  open  arcs.  Now,  st(A^,S^2^)  is  a spanning 
disk  for  D = st(A  ,M^2^),  and  B = 3 (st  (A°,S  ^ ) ) separates 
3D  into  two  components  whose  closures,  B^  and  B2 , are  disks 
It  follows  from  property  (**)  that  either  int(B^)  n h S = 0 

or  int(B2)  n hS  = 0.  Assume  int(B^)  n hS  = 0.  Now  3b  and 

2 —2  —2 

3D  are  invariant  under  h , and  hence  h B^  = B^  or  h B^  = B2 

But  a"*"  n int(B  ) 0 0 for  i = 1 or  i = 2 , where  a"*"  £ f ix  (h2 ) . 

Thus,  h2B_^  = B^ , i = 1,2  and  we  let  S'  = [ (S  - B)  u B^]  . 

Then  S'  does  not  bound  a 3-cell,  h2S'  = S',  and  S'  n hS' 

has  fewer  vertices  satisfying  property  (**)  with  no  new 

intersections  introduced.  For  simplicity  we  let  S'  = S, 

( 2 ) 

M = M and  continue. 

By  repeating  the  above  procedure  a finite  number  of 
times,  we  obtain  a 2-sphere,  S'  = tS' , such  that  S'  does 


2 _ 

not  bound  a 3-cell,  h S'  = S',  and  S'  n h S'  consists  of 
1-simplexes  where  S'  and  h S'  meet  transversely.  Again  let 
S'  = S,  S'  = S,  and  Mv  = M,  for  simplicity.  At  this 
stage  it  can  be  shown  that  the  components  of  S n hS  consist 
of  closed  curves. 

4.  We  finally  remove  vertices  from  S n hS  that  have 
the  following  property: 

(***)  st(A^,S  n hS)  consists  of  more  than  two  1- 
simplexes.  These  are  the  saddle  points. 

Case  a.  Suppose  |A  | £ fix(h  ).  Again  we  may 
assume  that  M is  sufficiently  subdivided  so  that  st(A^,M)  n 
hk ( st ( A° , M) ) = 0,  l<k<4 . Let  D = st(A°,M(2)),  where  M(2) 
is  a second  derived  subdivision  under  which  h is  simplicial. 
Now  B = D n S is  a spanning  disk  for  D,  and  9B  separates 
3D  into  two  components  whose  closures  are  disks,  B-^  and  B2. 
We  let 

S'  = [ (S  - (B  u h2B))  u (B  u h2B1)  . 

Then  S'  does  not  bound  a 3-cell,  h2S'  = S ' , no  new  inter- 
sections of  type  1,  2,  or  3 are  introduced,  and  each  new 
vertex,  v , of  [ (S ' n h S ' ) n B^ ] has  the  property  that 

st(v,S'  n h S'  ) consists  of  two  1-simplexes. 

0 —2 

Case  b.  Suppose  |A  | £ fix(h  ) . Assume  that  M is 

sufficiently  subdivided  so  that  st(A^,M)  n h(st(A^,M))  = 0. 
0(2 ) —(2) 

Let  D = st(A  ,MV  ).  Then  B = D n -S  v is  a spanning 
disk  for  D,  and  3B  separates  9D  into  two  components 
whose  closures  are  disks,  and  B2* 


As  in  case  b 


Let 


_2 

of  type  3 intersections,  it  follows  that  h B.^  = b1  . 

S'  = [(S-B)  u B^].  Then  h2S'  = S',  S'  does  not  bound  a 
3-cell,  no  new  intersections  of  type  1,  2,  or  3 are  intro- 
duced, and  each  new  vertex,  v,  of  [(S'  n hS')  n B-,]  has 
the  property  that  st(v,S'  n hS')  consists  of  two  1-sim- 

— _ ( p ) 

plexes.  Let  S ' = S , M ' = M,  and  continue. 

Eliminating  the  remaining  vertices  with  property 
(***) , we  obtain  a 2-sphere,  S = tS,  satisfying  the 
following : 

i.  S does  not  bound  a 3-cell; 

ii.  h2S  = S; 

iii.  S n hS  = 0 or  S n hS  consists  of  a finite  number 
of  simple  closed  curves  at  which  S and  hS  meet  transversely. 
Hence,  Lemma  2.2  is  established. 

It  should  be  noted  that  in  the  proof  of  Lemma  2.2  each 

alteration  was  performed  within  a regular  neighborhood  of 

a simplex  and  only  involved  replacing  a disk  with  another 

disk  to  improve  the  intersection  of  S with  hS . This  lemma 

therefore  has  the  following  useful  generalization.  Let  M 

be  a 3-manifold,  and  g:  M -*  M a semifree  Z4  action.  Let  T 

2 

denote  the  fixed  point  set  of  g , and  furthermore  suppose 
T is  a 1-manifold.  Also  let  C be  a surface  in  the  interior 
of  M.  Define  T and  C to  be  in  general  position  if  for  every 
point  p e T n C,  there  is  a regular  neighborhood,  N,  of 
p such  that  (N  n T)  n C = p and  the  components  of  N - (N  n C), 
and  N2,  satisfy  the  property  that  N.  n T ^ 0,  i = 1,2. 


In  other  words,  T is  locally  piercing  with  respect  to  C at 
Using  the  same  methods  as  those  used  in  the  proof  of  Lemma 
2 . 2,  we  obtain  the  following  generalization: 

Theorem  2.3.  Let  M be  a 3— manifold  admitting  a semi— 
free  action,  g:  M -*  M,  with  fix  (g  ) homeomorphic  to  a 
1-manifold.  Furthermore,  suppose  there  is  a surface  C in 
mt (M)  such  that  g C = C and  C and  fix(g  ) are  in  general 
position.  Then  there  is  a surface  C1  satisfying  the  follow 
ing  properties: 

i.  C'  is  isotopic  to  C. 

ii.  g2C ' = C ' . 

iii.  C'  n gC 1 = 0 or  C ' n gC ' consists  of  a finite 
number  of  simple  closed  curves  at  which  C'  and  hC ' meet 
transversely. 

A Special  2-Sphere  in  S2  * (0,1) 

In  this  section,  we  construct  a 2-sphere,  S,  with  the 
properties  that  S does  not  bound  a 3-cell  and  either  hS  = S 
or  S n hS  = 0 with  h2S  = S.  The  following  result  will  be 
needed  in  the  construction. 

Lemma  2.4.  Suppose  E1 , E2 , and  E3  are  three  disks  in 

2 

S x (0,1)  having  only  their  boundaries  in  common.  If 

the  2-spheres  E ^ u E2  and  Ej  u E^  do  not  bound  3-cells,  then 

E2  u E^  must  bound  a 3-cell. 


Proof  of  Lemma  2.4. 

2 

By  taking  the  two  point  compactif ication  of  S x (0,1) 

2 o 2 

we  may  view  S x (0,1)  as  a subset  of  S = S x (0,1)  u 

{_°o,o°}.  since  u E2  u E3  is  compact,  there  are  numbers 

2 

tQ,  t^  e (0,1),  t^>tg,  such  that  u E2  u c S x t tQ , t ^ ] 

2 2 

Hence,  by  coning  over  S x tQ  and  S x t^  we  may  assume 

2 

that  E^ , E2,  and  E^  are  polyhedral  subsets  of  S . By 

Alexander's  Theorem  [1],  E-j^  u e2  separates  S2 3  into  two 

components  whose  closures,  B and  B2,  are  3-balls  with 

3B^  = 0b2  = E^  u E2 . Without  loss  of  generality,  assume 

that  E3  5 B-j^.  Now  B.^  n {-“,«>}  0 0 , i = 1,2,  since  E-^  u E2 

2 

does  not  bound  a 3-cell  in  S x (0,1).  Moreover,  E^  is  a 

spanning  disk  for  B^  i.e.,  E3  5 B-j^  and  9B n E3  = 9E3,  and 

E3  separates  B^  into  two  components  whose  closures,  and 

C 2>  are  3-balls  with  9C^  = E^  u E3  and  3C2  = E2  u E3 . If 

{-0°,°°}  n intc2  0 0,  then  {-00  , 00  } n int(C^)  = 0 and  E^  u E3 

2 

bounds  a 3-cell  in  S x (0,1),  a contradiction.  Hence 
{-oo/0o}  n intC2  = 0 and  E2  u E3  bounds  a 3-cell,  namely  C2 
in  x (0,1). 

We  are  now  ready  to  construct  the  2-sphere  announced 
at  the  beginning  of  this  chapter. 

2 

Lemma  2.5.  Given  a semifree  action  h:  S x (0,1)  ->- 

2 

S x (0,1)  there  is  a 2-sphere,  S,  that  does  not  bound  a 
3-cell  such  that  hS  = S or  S n hS  = 0 with  the  property 
that  h^S  = S. 


Proof  of  Lemma  2.5. 


Let  S be  the  2-sphere  in  Lemma  2.2.  If  S n hS  = 0, 

then  S is  the  desired  2-sphere.  Therefore,  suppose  that 

S n hS  / )3.  At  each  stage  of  the  construction  we  alter 

S to  a 2-sphere,  S',  such  that  S'  does  not  bound  a 3-cell, 

and  either  hS 1 = S'  or  S'  n hS'  is  a strict  subset  of 
2 

S n hS,  with  h S'  = S'.  First,  let  D be  an  innermost  disk 
on  hS,  i.e.,  int(D)  n S = 0,  with  boundary  J,  where 
J £ S n hS . J divides  S into  two  disks,  D-^  and  D2  • By 

Theorem  2.1,  both  S and  hS  have  the  property  that 

2 ■ 2 
S n fix(h  ) consists  of  two  points  and  hS  n fix(h  ) con- 
sists of  two  points.  Without  loss  of  generality,  assume 
that  hD  £ D-^ . It  follows  easily  that  either  D u does 
not  bound  a 3-cell  or  D u D2  does  not  bound  a 3-cell  (see 
[19]).  We  have  two  major  cases  to  consider. 

Case  1.  Suppose  D u D-^  does  not  bound  a 3-cell.  Now 
either  hJ  = J or  J n h J = 0 . 

a.  If  hJ  = J,  then  hD  = D-^  and  either  h2D  = D 
or  h2D  = Cl (hS  - D) . But  if  h2D  - Cl(hS-D),  D u Cl(hS  - D 
does  not  bound  a 3-cell  since  h(D  u D-^)  = u Cl  (hS  - D)  . 

This  is  a contradiction  by  making  the  following  observa- 
tion. Consider  the  three  disks  D,  , and  Cl  (hS  - D)  . 

Since  D u and  hS  = D u Cl  (hS  - D)  do  not  bound  3-cells, 
it  follows  from  Lemma  2.4  that  D-^  u Cl(hS  - D)  must  bound 
a 3-cell.  Hence,  h2D  = D.  If  we  let  S'  = D u , then 
hS ' = S'  and  S'  satisfies  the  conclusion  of  the  lemma. 


b.  Suppose  J n hJ  = 0. 

i.  If  int(D)  n fix(h2)  0 0,  h2D  = D since  D is 

innermost,  and  by  an  argument  similar  to  that  in  case  a,  it 

2 

can  be  shown  that  h = D-^ . Now,  choose  a simple  closed 

curve  J'  £ sufficiently  close  to  J such  that  the  annulus, 

A,  bounded  by  J and  J'  has  the  properties  that  A n hS  = J 
2 

and  h A = A.  Let  D'  be  a disk  sufficiently  close  to  D such 
that  D'  n hD ' = D ' n hS  = 0 , h2D'  =D',  D'  n S = 9D ' = J 1 , 
and  S'  = (D^  - A)  u D'  does  not  bound  a 3-cell.  By  con- 
struction, S'  n hS 1 = ( D-^  - A)  u h(D-^  - A)  is  a strict 

subset  of  S n hS  and  h2S  1 = S'. 

2 

xi.  If  fix(h  ) n int(D)  = 0,  then  we  claim 
that  h2D^  c D-^ . Now  h2J  0 J,  for  otherwise  h2D  = Cl(hS  - D) 
is  innermost,  contrary  to  our  assumption  that  hJ  ^ J. 

Since  h2J  0 J,  it  follows  that  J n fix(h2)  = 0.  Thus, 

either  h2J  £ int(D^)  or  h2J  £ int(D2).  If  h2D2  £ int(D^), 

2 2 2 
then  h D2  c since  h J ^ J.  Now  suppose  h J £ int(D2). 

2 2 2 
Then  either  h D2  £ D2  or  D2  u h D2  = S.  But  h D2  £ D2 

2 2 

implies  that  h D2  = D2  and  h J = J,  a contradxc tion . If 

D2  u h2D^  = S and  D2  n fix(h2)  = 0,  then  S n fix(h2)  = 0, 

again  a contradiction.  Hence,  to  establish  the  claim  it 

2 

only  remains  to  prove  that  D2  n fix(h  ) = 0 . Suppose 

D2  n fix(h2)  0 0 • Again  either  h2J  £ int(D  ) or 

h2J  £ int(D2).  If  h2J  £ int(D^),  then  D2  £ h2D2  since 

D2  n h2D^  / 0.  It  also  follows  that  h2D^  £ h2(h2D2)  = D2 . 

2 2 

Therefore,  h D2  = D2  and  h J = J contradicting  the  fact 
that  h2J  0 J.  If  h2J  £ int(D2) , either  h2D2  £ D2  or 


2 6 

2 

D2  n l1  °2  = A'  where  A is  an  annulus  with  the  property 
2 2 

that  fix(h  ) n S c_  A.  If  h c D^,  it  follows  easily  that 

2 2 2 
h D2  = D2  and  h J = J,  a contradiction.  If  n h = A, 

then  D u is  a nontrivial  2-sphere  with  (D  u D^)  n 
2 

fix(h  ) = 0,  contradicting  the  fact  that  every  2-sphere 

which  does  not  bound  a 3-cell  has  nonempty  intersection 
2 2 

with  fix(h  ) . Thus,  n fix(h  ) = 0 and  we  have  the  claim. 

We  now  alter  S to  remove  J as  an  intersection 

curve.  First  let  S*  = Cl (S  - (D2  u h2D2))  u (D  u h2D)  . 

S*  does  not  bound  a 3-cell  since  D u D2  bounds  a 3-cell 

2 3 

and  S is  nontrivial.  Because  (D  u h D)  n (hD  u h D)  £ 

2 2 

(D  u h D)  n S and  D and  h D are  innermost,  we  have  intro- 
duced no  new  intersections  in  S*  n hS*.  S*  will  now  be 
altered  to  remove  J as  an  intersection  curve.  Let  J D-^ 
be  a simple  closed  curve  sufficiently  close  to  J so  that 
the  annulus,  A,  bounded  by  J and  J'  has  the  property  that 
A n hS  = J . Now,  choose  a disk,  D' , sufficiently  close  to 
D such  that  D'  n hD'  =D'  n hS=  0,  D'  n S=J',  and 
D'  n h2D ' = 0.  Let 

S'  = [ (D ' u h2D’)  u (D  - (A  u h2A  u h2D2))]. 

2 

To  verify  that  h S'  = S',  it  suffices  to  show  that 

h2 (Cl (D1  - (A  U h2A  u h2D2)  ) ) = Cl (D1  - (A  u h2A  u h2D2)  ) . 

2 2 

However,  [ (D2  u A)  u (h  D2  u h A) ] is  clearly  invariant 

2 2 2 
under  h and  hence,  [S  - (D2  uAuhD2uhA)]  = 

2 2 ? 

[D-^  - (A  u h A u h D2 ) ] is  hz-mvariant  also.  By  construction 


S'  n hS ' is  a strict  subset  of  S n hS , and  by  choosing  S' 
sufficiently  close  to  S*,  S'  will  not  bound  a 3-cell. 

Case  2.  Suppose  that  D u does  not  bound  a 3-cell. 
Again  we  assume  that  hD  £ D-^.  Now  either  hJ  = J or 


J n h J = 0 . 

a.  If  J n hJ  = 0,  then  J n fix(h^)  = 0.  Other- 

2 2 
wise,  J n fix(h  ) consists  of  a single  point  since  fix(h  ) 

2 

is  invariant  under  h.  But  if  J n fix(h  ) is  a single 
2 2 

point,  h J = J,  and  since  S n fix(h  ) consists  of  two  points 

2 

there  is  an  a e fix(h  ) such  that  a e int(D^)  or  a e int(D2) 


Thus,  we  have  that  h" 


n is  an  involution  on  D,  such  that 
U1  1 


fix(h  |D  ) contains  one  or  two  points,  one  being  on  the 

1 2 
boundary  of  D^,  a contradiction.  Hence,  J n fix(h  ) = 0. 

2 2 
i.  If  h J = J,  then  since  f ix (h  ) n J = 0, 

2 2 

D n fix(h  ) 0 0 and  h D = D.  By  the  same  argument  it  fol- 


lows that  h = D2 • In  this  case,  we  let  S 1 = D u D2. 

2 

Then  h S'  = S',  and  S'  n hS'  = n hD2  is  a strict  subset 
of  S n hS . 


2 2 
ii.  If  h J 0 J,  we  claim  that  h c D2 • 

2 2 

Since  D is  innermost,  h J £ D and  therefore  h J £ hS  - D. 

If  D n fix(h^)  0 0,  it  follows  that  D £ h^D  and 
2 

J £ int(h  D)  which  contradicts  the  fact  that  D is  innermost. 

2 2 
Therefore,  D n fix(h  ) = 0.  Now  suppose  n fix(h  ) = 0. 

Either  h^J  £ int(D^)  or  h^J  £ intCD^).  If  h^J  £ int(D^), 

2 2 2 
then  h £ D-^  or  n h = A,  where  S n fix(h  ) £ A. 

2 2 2 
But  h D-|_  £ D2.  imPlies  that  h = D-^  and  h J = J,  contrary 

2 2 

to  our  assumption  that  h J 0 J.  If  h n D-^  = A,  then 
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2 

D u D2  is  a nontrivial  2-sphere  with  (D  u D2)  n fix(h  ) = 0, 

contradicting  the  fact  that  every  2-sphere  which  does  not 

2 

bound  a 3-cell  in  S x (0,1)  has  nonempty  intersection  with 

fix(h2).  Thus,  n fix(h2)  = 0.  Again  either  h2J  £ D 

2 2 2 
or  h J £ D2 . If  h J £ , then  either  h c or 

2 

Df  u h D = S . If  the  former  occurs,  it  follows  that 

2 2 
h^J  = J,  contrary  to  our  assumption  that  h J 0 J;  and  if 

2 

the  latter  occurs,  S n fix(h  ) = 0,  again  a contradiction. 

2 

Hence,  h J £ mt(D2)  and  it  is  easy  to  verify  that 

2 2 
h D-^  £ D2 . We  let  S'  = D u A u h D,  where  A = 

Cl  ( S — ( D-^  u h2D^)).  Clearly,  h2S'  = S'  and  by  construc- 
tion S'  n hS ' = A n hA  is  a strict  subset  of  S n hS. 

2 

Case  b.  Suppose  hJ  = J.  We  claim  that  J n fix(h  ) =0. 

2 

Suppose  not.  Then  J n fix(h  ) consists  of  one  or  two  points. 

2 2 
If  J n fix(h  ) consists  of  two  points,  then  h D - Cl(hS  - D)  , 

2 2 

i.e.,  h D 0 D since  int(D)  n fix(h  ) = 0.  We  thus  have  the 

following:  D u D-^  bounds  a 3-cell,  and  hence  h(D  u D-^)  = 

u Cl  (hS  - D)  bounds  a 3-cell.  But  if  D-^  u Cl  (hS  - D) 

bound  a 3-cell,  then  hS  = D u Cl (hS  - D)  is  homotopic  to 

2 

D u D-^ , contrary  to  our  choice  of  S.  Hence,  J n fix(h  ) 

2 

does  not  contain  two  points.  But  fix(h  ) cannot  consist 
of  one  point  as  demonstrated  previously,  and  thus 
J n f ix (h2 ) = 0 . 

2 

Since  J n fix(h  ) = 0,  it  follows  that 

D n fix(h2)  0 0 and  D2  n fix(h2)  0 0 • Therefore,  h2D  = D 
2 

and  h = D2 . We  choose  a simple  closed  curve  J'  £ D2 
sufficiently  close  to  J so  that  the  annulus,  A,  bounded  by 


J and  J'  has  the  property  that  A n hS  = J . Now  a disk,  D' , 

. 2 
is  chosen  sufficiently  close  to  D such  that  h D'  = D' , 

D'  n hD'  = D'  n hS  = 0,  D'  n S = 3D'  = J',  and 

S'  = (D2  - A)  u D'  does  not  bound  a 3-cell.  One  may  verify 

that  h^S 1 = S'  and  S'  n hS ' = (D2-A)  n h(D2-A)  is  a strict 

subset  of  S n hS. 

By  repeating  the  above  alterations  a finite  number  of 

times,  we  can  construct  a 2-sphere,  S,  such  that  S does  not 

bound  a 3-cell  and  hS  = S or  S n hS  = 0 with  the  property 
2 

that  h S = S. 


CHAPTER  THREE 

PERIOD  FOUR  ACTIONS  ON  S2  x (0,1) 

In  this  chapter,  all  actions  on  S2  x (0,1)  are 

classified  up  to  conjugation.  We  first  describe  the 

2 2 

standard  Z4  actions  on  S * (0,1) . View  as  a subset  of 

3 . 

R in  the  following  sense: 

S2  = {(x1,x2,x3)  e R3  | (x^2  + (x2)2  + (x3)2  = 1}. 

Let  s^:  s ^ S be  the  standard  semifree  Z^  action  on  S2 

defined  by  s1(x1#x2,x3)  = (-x2  ,x1 , -x3)  , and  s2  : S2  -*■  S2  be 

the  standard  period  4 rotation  defined  by  s2(x-^,x2,x3)  = 

(“x2  / xi , x3 ) • Let  A-^:  (0,1)  ->•  (0,1)  denote  the  identity,  and 

A2  : ( 0 , 1 ) -»•  ( 0 , 1 ) be  defined  by  A2  ( t ) = 1 - t , t e (0,1). 

Then  s^  x A^,  i = 1,2,  are  the  standard  semifree  Z^  actions, 

and  s2  x A^,  i = 1,2,  are  the  standard  nonfree  Z4  actions. 

2 

We  show  that  S x (0,1)  admits  exactly  four  Z^  actions  up 
to  conjugation. 

2 

Z4  Actions  on  S x [0,1] 

In  this  section  we  prove  that  S x [0,1]  admits 
exactly  four  nonequivalent  Z4  actions  up  to  conjugation. 

We  first  classify  the  semifree  Z4  actions,  then  the  non- 
free Z 4 actions,  and  finally  show  that  S2  x [0,1]  admits 
no  free  Z4  actions.  The  method  of  proof  in  all  cases  but 
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one  will  be  to  extend  h in  a natural  way  to  a Z , action 
3 3 

h'  : S ->  S and  use  the  classification  theorems  of 
Waldhausen  [21],  and  Kim  [8],  [9],  for  Z4  actions  on  S3 

to  obtain  information  about  the  homeomorphism  h. 

The  following  result  will  be  needed  to  classify  the 
semifree  Z4  actions  on  S2  * [0,1]. 

2 2 

Lemma  3.1.  Let  h:  S x [0,1]  -*  S x [0,1]  be  a semi- 
2 o 

free  Z4  action  on  S x [0,1]  such  that  h(S  x i)  = 

2 

S x (l-i) , i = 0,1.  Then  there  is  a 2-sphere  SQ  c 
2 

S x (0,1)  such  that  Sq  does  not  bound  a 3-cell  and 
hS0  = S0* 


Proof  of  Lemma  3.1. 


We  attach  two  3-balls,  BQ  and  B1 , to  x [0,1]  via 

2 2 

homeomorphisms  yQ:  BQ  -+  S x 0 and  B]_  + S x 1.  Then 

2 . 3 

Bq  u S x [0,1]  u B^  is  homeomorphic  to  S , and  h can  be 


0 


Y- 


extended  in  the  obvious  way  to  obtain  a homeomorphism 


h ' : [Bq  u S^  x [0,1]  u BJ  [Bn  u x [0,1]  u B 


Y0  '1  ' o T 1 

fix(h')  = 0 and  fix(h'2)  homeomorphic  to  S3-.  By  Theorem  C 
[8]  , h'  is  conjugate  to  the  standard  action  s'  : S3  -+  S3 
by  s (x-^ , x2  , Xq  , x4  ) = ( — x 2 ^ x ^ , — x q , — x 4 ) . Hence, 
there  is  an  h'-invariant  2-sphere,  SQ,  such  that  SQ  n fix(h') 


Y- 


0 


Y, 


Y- 


>1 


with 


consists  of  two  points.  If  Sq  c s' 


x (0,1),  then  Sq  does 


not  bound  a 3-cell  in  S x [0,1]  . Otherwise,  hi  • B ->  B 

I ^ 

is  a fixed  point  free  homeomorphism,  where  B is  the  3-cell 
bounded  by  Sq,  a contradiction.  Thus,  SQ  satisfies  the 
conclusion  of  the  Lemma.  Therefore,  assume  S„  S x (0,1). 


3 2 

We  will  alter  SQ  to  a 2-sphere  Sg  which  satisfies  the 
conclusion  of  the  lemma. 

If  SQ  t S2  x (0,1),  then  SQ  n (S2  x 0 u S2  x 1)  ^ 0. 
Otherwise,  Sg  c B^  for  i = 1 or  i = 2 contradicting  the 
fact  that  SQ  is  h 1 -invariant . By  using  general  positioning 
techniques  similar  to  those  used  in  the  proof  of  Lemma  2.2, 
we  can  alter  Sg  to  a 2-sphere,  Sg,  such  that  Sg  is  invari- 
ant under  h'  and  either  n S2  x 0 = 0 or  n S2  x 0 

consists  of  a finite  number  of  simple  closed  curves  at 
. 2 

which  Sg  and  S x 0 meet  transversely.  For  simplicity  let 

Sg  = Sg.  If  Sg  n S2  x 0-0  then  h(Sg  n S2  x 0)  = 

2 2 

Sg  n S x 1=0  and  Sg  c s x (0,1) . Therefore,  assume 

2 o 

Sg  n S x 0 0 0 and  let  D be  an  innermost  disk  on  Sz  x 0 

2 

with  boundary  J c Sg  n S x 0.  It  follows  easily  that 

2 9 

J n fix(h  ) = 0,  and  since  D is  innermost  either  hzD  = D 

2 

or  D n h D = ff . J separates  Sg  into  two  components  whose 

closures,  D-j^  and  D2 , are  disks  with  3 D-j^  = 3D2  = J.  Because 
2 

Sg  and  S x 0 meet  transversely  at  J,  satisfies  the 

2 

property  that  A'  n S x (0,1)  0 0 for  every  annulus  A'  c , 

where  3A'  = J u K and  K c int  Di , i = 1 or  i = 2 . Without 
loss  of  generality,  assume  that  satisfies  this  property. 
Since  h(S2  x i)  = s2  x (1  - i) , i = 0,1,  hJ  c S2  x 1 and 
hence  h J 0 J . We  now  have  two  cases  to  consider. 

2 9 

Case  1.  Suppose  h D = D.  Then  h ' , i = 1,2, 

and  either  hJ  c d]l  of  hJ  c d2  . 

a.  If  hJ  c , then  h ' D2  5 . Otherwise, 

d2  5 h'°2'  and  since  h'  D2  = d2  , it  follows  that  h'D2  = D2 


3 3 

and  hJ  = J , a contradiction.  First,  let  S*  = c u D u hD, 
where  C = C1(S0-D2  u h'D2).  Now  choose  a simple  closed 
curve  J'  c c sufficiently  close  to  J so  that  the  annulus, 

A,  bounded  by  J and  J'  has  the  property  that  A n S2  x 0 = J 

2 o 

and  h*  A = A.  Choose  a disk  D'  c S x (0,1)  sufficiently 

close  to  D such  that  h'2D'  = D',  D'  n h'D'  = 0 , and 

D ' n S*  = 9D ' = J ' . Let 

S'Q  = [ (C  - (A  u h ' A)  ) u (O’  u h’D'  ) ] . 

Sq  is  clearly  invariant  under  h'  and  Sq  n x 0 is  a strict 

2 

subset  of  Sg  n S x 0. 

b.  If  hJ  c D2 , it  follows  by  an  argument  similar 

to  the  above  that  h ' c D2 . In  this  case,  we  first  let 

Sq  = E u D u hD,  where  E = C1(Sq-  (D-^  u h'D^)).  Now  choose 

a simple  closed  curve  J'  c e sufficiently  close  to  J such 

that  the  annulus,  A,  bounded  by  J and  J1  has  the  properties 

that  A n S2  x 0 = J and  h ' 2A  = A.  Choose  a disk 

2 

D'  c int(Bg),  where  9Bq  = S x 0,  sufficiently  close  to 
D such  that  h,2D'  = D',  D'  n h'D'  - 0,  and  D'  n S*  = 

3D'  = J' . Let 

Sq  = [ (E  - (A  u h ' A)  ) u (D1  u h'D'  ) ] . 

Sq  is  invariant  under  h'  and  n s2  * 0 is  a strict  subset 
of  SQ  n S2  x 0. 

Case  2.  Suppose  D n h2D  = 0.  In  particular,  h2J  0 J. 
Again,  let  D-^  and  D2  be  defined  as  in  case  a.  Now  either 
n h,2D^  = 0 or  n h,2D^  = A,  where  Aq  c Sq  is  the 


3 4 


2 2 

annulus  bounded  by  J u h J and  Sq  n fix(h'  ) 5 a.  More- 

2 

over,  if  n h'  = 0,  Sq  has  a decomposition  into 
Sq  = D2  u A u h'2  D2 . 

2 2 

a.  Suppose  D-^  n h'  D.^  = 0.  Since  h(S  x i)  = 

S2  x (1-i),  i = 0,1,  it  follows  that  h'-^D^  n h'kD^  = 0 
j / k,  l<j<4,  l<k<4.  First  let 

s*  = [ (Sn  - ( U h; j (D  ) ) ) u ( u hjD) ] . 

U U l<j<4  1 1< j <4 

Clearly  S*  is  invariant  under  h' . Now  let  J'  be  a simple 

closed  curve  on  S^  - ( U h'^(D..))  sufficiently  close  to  J 

1<  j <4 

such  that  the  annulus,  A,  bounded  by  J and  J'  has  the 

property  that  hkA  n (S2  x 0 u S2  x 1)  = hkJ,  l<k<4.  Now 

2 

choose  a disk  D'  c s x(0,l)  sufficiently  close  to  D so 
that  h-^D'  n hkD'  = 0 for  j / k,  l<j<4  and  l<k<4  , and 
D'  n S*  = 3D'  = J'.  Let 

S'  = [ (S*  - ( U hkD) ) u ( U hkD' ) ] . 
l<k<4  1 <k<4 

2 

Sq  is  clearly  invariant  under  h'  and  Sq  n S x 0 is  a 

2 

strict  subset  of  Sq  n S x 0. 

2 

b.  Suppose  D-j-  n h D-^  = A.  We  repeat  the  construc- 
tion as  in  case  2a,  with  the  exception  that  D2  replaces  D-^ 
in  each  formula,  and  the  disk,  D' , is  chosen  as  a subset 

of  Bq.  The  details  follow  exactly  the  methods  in  case  a, 
with  the  above  noted  exceptions,  and  thus  are  omitted. 

By  repeating  the  above  alterations  a finite  number  of 
times  we  can  construct  a 2-sphere,  SQ,  such  that 
Sq  5 S2  x (0,1)  and  hSQ  = SQ. 


3 5 


The  following  lemma  classifies  the  semifree  Z 4 
2 

actions  on  S x [0,1], 

Lemma  3.2.  Let  h:  S2  x [0,1]  -y  S2  x [0,1]  be  a semi- 
free  action  on  S x [0,1] . Then  there  is  a homeomor- 
phism  a:  S2  x [0,1]  -y  S2  x [0,1]  such  that  aha_1(x,t)  = 

(s^  (x)  , A (t ) ) , ( x , t ) e S2  x [0,1],  where  s^:  s2  ->  S2  is 
the  standard  semifree  Z4  action  on  S and  A (t)  = t or 
A (t)  - 1 - t. 


Proof  of  Lemma  3.2. 

There  are  two  cases  to  consider. 

2 2 

Case  1.  Suppose  h(S  x i)  = S x i,  i = 0,1.  We 

first  attach  two  3-balls,  and  B^  , via  homeomorphisms 
2 2 

Ygi  Bg  + S x 0 and  Yp:  B-^  ->  S x 1.  Then 

2 . 1 
Bn  u S x [0,1]  u B,  is  homeomorphic  to  S , and  h can 

u Y r>  y,  1 


0 


be  extended  in  the  obvious  way  to  obtain  a homeomorphism 

h'  : [B  u S2  x [0,1]  u B ] -x  [ B u S2  x [0,1]  u B,  ] with 

, Y0  Y1  0 Y0  2 Y1 

fix(h')  homeomorphic  to  S and  fix(h'  ) homeomorphic  to  S' 

We  view  S3  as  a subset  of  R4  in  the  following  sense: 


S3  = { (x1,x2,x3,x4)  e R4  I (x1)2+  (x2)2+  (x3)2+  (x4)2  = 1} 


By  Theorem  2.2  [9] , there  is  a homeomorphism 

a':  [B  u S2  x [0,1]  u B.  ] ->  S3  such  that  a'h'a'  ^ = s, 

Y°3  3 . Y1 

where  s:  S -+  S is  defined  by  s (x-^ , x2  , x3  , x^  ) = 

(_x2 ' xi , _x3 , x4 ) . By  the  construction  of  the  conjugation 
map  a'  (see  Theorem  2.2  [9]),  we  may  assume  that 
a' (S2  x [0,1])  c C where 
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C { ( x , x2  , x ^ 1 x 4 ) c S | — 1/2  <x ^ < 1/2  } . 

We  also  consider  S2  x [0,1]  as  a subset  of  R4  in  the  follow- 
ing manner: 

S2  x [0,1]  = { (x1,x2,x3,t)  e R4  | (x1)2+  ( x 2 ) 2 + (x3)2  = 1 

and  0<t<l ] . 

2 

Now  define  y:  C -+  S x [0,1]  by  y (x1 , x2  , x3  , ) = 

1 1/2 

(x1/r,x2/r,x3/r,  ( 2 1 + l)/2) , where  r = (1  - (x4)  ) , 

and  set  a = ya'  | g2  x [q,!]*  Then  aha  1(x,t)  = (s1(x),t). 

9 2 

Case  2.  Suppose  h(S  x i)  = S x (1  - i) , i = 0,1. 

By  attaching  two  3-balls,  Bq  and  B^,  via  homeomorphisms 
y^:  Bq  -*■  S 2 x 0 and  y^ : B-^  -*  S2  x 1 to  S2  x [0,1]  and 
extending  h in  the  obvious  way,  we  obtain  a homeomorphism 

h':  [Bq  u S2  x [0,1]  u B^]  ->  [B  u S2  x [0,1]  u B^]  with 

Yo  *1  y0  yx 

fix(h')  = 0 and  fix(h'2)  homeomorphic  to  S1.  Thus  fix(h2) 

is  homeomorphic  to  two  closed  arcs.  By  Lemma  3.1,  there 

2 

is  a 2-sphere  Sq  £ S x (0,1)  such  that  Sq  does  not  bound 

a 3-cell  and  hSg  = Sq.  It  follows  from  Theorem  2.2  [9] 

2 

that  there  is  a homeomorphism  aQ : Sq  -»■  S x 0 such  that 

aghaQ  1 (x,t)  = (s^(x),0)  for  (x,t)  e Sq.  Now  Sq  divides 
2 

S x [0,1]  into  two  components  whose  closures  are  3-annuli, 

say  and  A2  (see  [3]).  Assume  that  is  bounded  by  Sq  and 

2.2  2 
S x 1 in  S x [0,1] . A^  is  invariant  under  h and  hA^  = a2- 

2 

Since  fix(h  ) is  homeomorphic  to  two  closed  arcs  and 

2 2 
Sq  u fix(h  ) is  two  points,  A^  u fix(h  ) is  also  homeo- 
morphic to  two  closed  arcs.  It  follows  easily  from 


3 7 

Theorem  1.2  that  there  is  a homeomorphism  a^:  A^  ->  s2  x [0,1] 

such  that  a1h2a1_1  (x,t)  = (S;L2(x),t),  and  aiSQ  = S2  x 0. 

We  now  alter  to  a homeomorphism  a*:  -►  S 2 x [0,1] 

such  that  a*(x,t)  = aQ(x,t)  for  (x,t)  e SQ  and 

a*h2a*_1  (x,  t)  = (s12(x),t).  Define  H:  S2  x [o,l]  -»• 

S2  x [0,1]  by  H ( x , t ) = (paoa1_1 (x, 0) ,t) , where 
2 2 

p:  S x [0,1]  -»-  S is  defined  by  p(x,t)  = x and  set  a*  = Ha 
If  (x,t)  e Sq,  then  a^(x,t)  = (x',0)  for  some  x'  e S2  and 
hence 

a*1(x,t)  = Ha1(x,t)  = (paQa1  1 ( (x  , t ) ) , 0 ) 

= (paQ ( x , t ) ,0)  = aQ (x, t) . 

2-1  o 

Next  we  verify  that  ot|h  (x,t)  = (sx  (x),t), 

( x , t ) e S2  x [0,1].  By  definition  a|h2a|_1  = Ha1h2a-,-1H_1 , 
2-1  2 

and  since  a-^h  (x,t)  = (s^  (x),t),  it  suffices  to  show 

that  Hs*H  1(x,t)  = (s12(x),t),  where  s*(x,t)  = (s  2(x),t). 

But  H 1 (x,t)  = (pa-^aQ  ^ (x,0),t)  and  thus, 

Hs*H_1(x,t)  = H(s*(pa1a0~1(x,0) , t) ) 

= H(s12(pa1aQ  1(x,0)),t) 

-1  2 -1 

= (pa^  (sx  (pa1aQ  (x,0)),0),t) 

= (paQOt^  ls*a1aQ  1(x,0),t) 

2 - 1 

= (paQh  aQ  (x, 0) , t) 

= (s12(x),t). 


Thus  is  the  desired  homeomorphism. 
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2 

Now  S x [0,1]  = u hA^  , and  we  define 

a*:  S2  x [0,1]  S2  x [-1,1]  by  a*(x,t)  = a*(x,t)  for 

(x,t)  £ and  a*(h(x,t))  = sa*(x,t)  for  h(x,t)  £ hA^  , 

2 2 

where  s:  S x [-1,1]  ->  S x [-1,1]  is  defined  by  s(x,t)  = 

(Sj_  (x)  ,-t)  . We  claim  that  a*ha*  1 = s.  if  (x,t)  e A^ 

then  h(x,t)  = a*  ^sa*(x,t)  by  definition.  If  h(x,t)  e hA, 

then  a*  ^sa* (h (x, t) ) = a*  ^s2a£(x,t)  = ^s^a* (x, t) . But 

-12  2 

a*  s a|(x,t)  = h (x,t),  (x,t)  £ A^ , by  the  choice  of  a| 

and  hence  h(h(x,t))  = a*_1sa* (h (x , t ) ) , h(x,t)  £ . Thus, 

2 2 

we  have  a homeomorphism  a* : S x [0,1]  -*  S x [-1,1]  such 
that  a*ha*  ^(x,t)  = (s^(x),-t).  We  finally  define 
t:  S2  x [-1,1]  + S2  x [0,1]  by  x(x,t)  = (x,(t+l)/2),  and 

set  a = xa*.  Then  aha  ^(x,t)  = (s^(x),l-t).  This  completes 
the  proof  of  Lemma  3.2. 

2 

We  now  turn  to  the  nonfree  actions  on  S x [0,1]. 

2 2 

Let  h:  S x [0,1]  S x [0,1]  be  a nonfree  action.  By 

2 

attaching  two  3-balls  to  S x [0,1]  and  extending  h in  the 

. , 3 3 

obvious  way,  we  obtain  a homeomorphism  h'  : S S with 

fix(h)  c fix(h').  As  noted  in  the  proof  of  Theorem  2.1, 
fix(h'  ) is  homeomorphic  to  S . Since  fix(h')  is  an 
i-sphere,  i = 0,1,2  (see  [18]),  and  fix(h')  c fix(h'2), 
it  follows  that  fix(h')  is  homeomorphic  to  or  S^.  Thus, 
fix(h)  is  homeomorphic  to  S or  fix(h)  = fix(h  ) is 
homeomorphic  to  two  closed  arcs.  The  following  two  lemmas 
classify  the  nonfree  Z ^ actions. 
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Lemma  3.3.  Let  h:  S2  x [0,1]  -*  S2  x [0,1]  be  a Z4 
action  on  S2  x [0,1]  with  fix(h)  homeomorphic  to  S^.  Then 
there  is  a homeomorphism  a:  S2  x [0,1]  -*  S2  x [0,1]  such 
that  aha  (x,t)  = (s2(x),  1-t)  , where  s2 : S ->  S is  the 
standard  period  4 rotation  on  S2  leaving  the  poles  fixed. 

Proof  of  Lemma  3.3. 

2 

We  attach  two  3-balls  to  S x [0,1]  and  extend  h in 

the  obvious  way  to  obtain  a homeomorphism,  h':  S3  -+  S3, 

with  fix  (h1 ) homeomorphic  to  S and  fix(h'  ) homeomorphic 

to  S1.  By  Theorem  2.2  [9],  h'  is  conjugate  to  the  standard 
3 3 

action,  s:  S •+  S , defined  by  s (x  , x2 , x3 , x4 ) = 

(-x2 ' xi , x3 , _x4 ) . Thus,  there  is  a 2-sphere,  SQ,  such  that 

hS0  = Sg  and  Sg  n fix(h')  = Sg  n fix(h'2)  ~ S*1  Moreover, 

by  using  a general  positioning  argument  similar  to  that 

used  in  the  proof  of  Lemma  3.1,  we  may  assume  that 
2 

sg  £ S x (0,1).  Also,  Sg  does  not  bound  a 3-cell  in 
2 

S x [0,1].  Otherwise  hj^:  B -*  B is  a homeomorphism  such 

that  fix(hjg)  is  two  points  and  hjg  is  periodic,  where  B is 

the  3-cell  with  9B  = Sg,  a contradiction.  It  follows  from 

Theorem  2.2  [9]  that  there  is  a homeomorphism 

a0:  So  ' S'  x 1/2  such  that  “ghgOg-1 (x,t)  = (s2(x),  1/2), 

(x,t)  e Sg,  where  hg  is  the  restriction  of  h to  Sg.  Now 
2 

Sg  separates  S x [0,1]  into  two  components  whose  closures, 

and  A2 , are  3-annuli.  Since  fix(h)  is  two  points, 

2 

fix(h  ) is  homeomorphic  to  two  closed  arcs,  and  SQ  n fix(h) 

2 0 

Sg  n fix(h  ) ~ S , it  follows  that  hA-^  = A2  , A^  is  invariant 

2 2 

under  h , and  A^  n fix(h  ) is  homeomorphic  to  two  closed 


4 0 


arcs.  Hence,  by  Theorem  1.2,  there  is  a homeomorphism 

al:  Ai  ^ S2  x [1/2,1]  such  that  a1h2a1_1 (x , t ) = (s22(x),t). 

By  the  same  argument  as  that  in  Lemma  3.2,  we  may  choose 

ax  so  that  aJL(x,t)  = aQ(x,t)  for  (x,t)  e SQ.  Define 

s*  : S2  x [0,1]  ->  S2  x [0,1]  by  s*(x,t)  = (s2(x),l-t).  Let 
2 2 

a:  S x [0,1]  •>  S x [0,1]  be  defined  by  a(x,t)  = a^(x,t) 
for  ( x , t ) e A1#  and  a(h(x,t))  - s*a.-L(x,t)  for  h(x,t)  e hA1. 
Using  the  techniques  in  Lemma  3.2,  one  may  verify  that 
aha  1 (x, t)  = (s2(x),l-t)  and  the  lemma  is  established. 

2 ? 

Lemma  3.4.  Let  h:  S x [0,1]  + S x [0,1]  be  a Z4 
2 . . k 

action  on  S x [0,1]  with  a fix(h  ) homeomorphic  to  two 
closed  arcs,  l<k<4.  Then  there  is  a homeomorphism 
a:  S2  x [0,1]  S2  x [0,1]  such  that  aha-1(x,t)  = (s2(x),t), 
where  s2:  S2  •>  S2  is  the  standard  period  4 rotation  on  S2 
leaving  the  poles  fixed. 

Proof  of  Lemma  3.4. 

2 

For  simplicity  of  notation,  let  s:  S x [0,1]  •> 

S2  x [0,1]  be  defined  by  s(x,t)  = (s2(x),t),(x,t)fS2x[0,l]. 
_ . 2 . . . .2 

Since  h is  an  involution  and  fix(h  ) is  homeomorphic  to 

two  closed  arcs,  it  follows  easily  from  Theorem  1.2  that 

h2  is  conjugate  to  S2  and  hence  (S2  x [0,l])/<h2>  is 

2 

homeomorphic  to  S x [0,1].  Now  h induces  an  involution 
h* : (S2  x [0,l])/<h2>  (S2  x [0,l])/<h2>  which  makes  the 

following  diagram  commute: 
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[0,1. 


h 


x [0,1] 


P 


(S2  x [0,l])/<h2>  h*  (S2  x [0,1] ) /<h2> , 


where  p:  S2  x [0,1]  ^ (S2  x [0,l])/<h2>  is  the  natural 

quotient  map.  Also  s induces  the  standard  involution 

s*:  (S2  x [ 0 , 1 ] /<s2>  > (S2  x [0,1]  )/<s2>  so  that  P;Ls  = s*Pl, 

where  p^ : S2  x [0,1]  -*■  (S2  x [0,1]  )/<s2>  is  the  natural 

quotient  map.  Moreover,  P | f j_>c  ( h. ) : fix(h)  fix(h*)  is  a 

homeomorphism  and  thus  fix(h*)  is  homeomorphic  to  two 

closed  arcs.  Again  applying  Theorem  1.2  to  the  homeomor- 
• 9 2 

phism  h*,  there  is  a homeomorphism  a ' ; (s  x [0,l])/<h  > -> 
(S2  x [0,l])/<s2>  such  that  a'h*a'  2 = s*.  Since 


a*P*(TT1(S2  x [0,1]  - fix  (h)  ) ) = p ( tt  ( s 2 x [0,1]  - fix  (s))), 

1* 


by  the  Lifting  Theorem,  there  is  a homeomorphism 

a 


S2  x [0,1]  -fix(h)]  ^ [S2  x [0,1]  -fix(s)]  such  that 


<aha  = <s 


f ix (h* ) and  p. 


x [ 0 , 1 ] - f ix  ( s 


> . Now  p 


fix (h) 


: fix(h) 


fix(s):  ^ fix(s*)  are  homeomorphisms , 

and  a may  be  extended  to  fix(h)  by  defining  a(x,t)  = 
p-^  a ' p (x  , t ) , (x  , t ) e fix(h).  Thus,  there  is  a homeo- 

2 2 _ i 

morphism  a:  s x [0,1]  ->-  S x [0,1]  such  that  <aha  > = <s> 
But  since  s and  s3  are  conjugate,  we  have  that  h is 
conjugate  to  s. 


Although  Lemma  3.4  will  not  be  needed  in  the  sequel, 
it  together  with  Lemmas  3.2  and  3.3  provide  a classification 


2 2 

of  all  Z4  actions  on  S x [0,1].  For  if  h:  S x [0,1]  + 

2 

S x [0,1]  is  a Z4  action,  by  attaching  two  3-balls,  Bp 

and  B^,  and  extending  h to  a homeomorphism  h':  S2  ->  S2, 

fix(h'  ) is  homeomorphic  to  S and  fix(h'  ) n B ^ ^ 0 , 

i = 0,1.  Therefore,  if  fix(h2)=  0 then  S2  x [0,1]  separates 
2-3 

fix(h'  ) in  S , a contradiction.  Thus,  there  are  no  free 
2 

Z4  actions  on  S x [0,1]  and  we  have  the  following 
corollary . 

2 

Corollary.  S x [0,1]  admits  exactly  four  nonequiva- 
lent Z4  actions  up  to  conjugation. 

Z4  Actions  on  S2  x (0,1) 

2 

In  this  section  we  show  that  S x (0,1)  admits  exactly 

four  nonequivalent  Z4  actions  up  to  conjugation.  Let 

h:  S x (0,1)  S2  x (0,1)  be  a Z4  action  on  S2  x (0,1), 

2 

and  let  D = [S  x (0,1)  u {-00,00}]  denote  the  two  point 

2 

compactif ication  of  S x (0,1).  Then  D is  homeomorphic  to 
3 

S and  there  is  a homeomorphism  (not  necessarily  PL) , 
h* : D + D which  extends  h.  Clearly  h*2  is  orientation 
preserving  and  fix(h*2)  0 0 since  {-00,00}  c fix(h*2).  It 
follows  from  Smith's  Theorem  [18]  that  fix(h*2)  is  homeo- 
morphic to  S^".  Now,  either  fix(h*)  is  empty,  in  which  case 
fix(h)  = 0,  or  fix(h*)  is  homeomorphic  to  S1,  i = 0,1,  or  2. 
Since  fix(h*)  5 fix(h*2)  it  follows  that  fix(h*)  is  homeo- 
morphic to  S®  or  S'*".  If  fix(h*)  is  homeomorphic  to  S^ 
and  fix(h*)  = {-00,00  },  then  fix(h)  = 0;  otherwise 


fix(h*)  n {-00,00}  = 0 and  fix(h)  is  also  homeomorphic  to  S^. 
If  fix(h*)  is  homeomorphic  to  S , then  fix(h*)  = fix(h*  ) 
and  fix(h)  = [fix(h*)  - {-00,00}]  is  homeomorphic  to  two  open 
arcs.  Thus,  fix(h)  is  either  empty,  homeomorphic  to  S^, 
or  homeomorphic  to  two  open  arcs.  We  consider  each  of 
these  cases  separately. 

Theorem  3.5.  Let  h:  S2  x (0,1)  x (0,1)  be  a 


semifree  action. 

Then  there 

is  a 

homeomorphism 

a:  S2  x (0,1)  -*■  S2  x 

(0,1)  such 

that 

aha_1(x,t)  = 

(s± (x)  , A ( t ) ) , 

2 

where  x e S , t e (0 

,1) ; A (t)  - 

t or  A (t)  = 1-t ; 

and 

2 2 . 2 
s-^:  s -*■  S is  the  standard  semifree  Z^  action  on  S . 

Proof  of  Theorem  3.5. 

By  Lemma  2.3,  there  is  a 2-sphere,  Sq,  such  that 

2 

hSQ  = Sg  or  Sg  n hSg  = 0 with  h SQ  = SQ,  and  Sq  does  not 
bound  a 3-cell.  We  have  two  cases  to  consider. 

2 

Case  1.  Suppose  hSQ  = SQ.  SQ  separates  S x (0,1) 

into  two  components,  and  , each  homeomorphic  to  the 

interior  of  a 3-annulus,  and  either  hA-^  = A^  or  hA-^  = B^ . 

a.  If  hA-^  = A^ , then  A-^  is  invariant  under  h,  and 

we  apply  Lemma  2.3  again  to  find  a 2-sphere,  S^ , in  A^  such 

that  S-^  does  not  bound  a 3-cell  and  either  hS-^  = S^  or 

2 

S-^  n hS-^  = 0 with  h S^  = S^.  But  Cl(A^)  is  invariant  under 
h,  and  therefore  hS-^  n S^  - 0 cannot  occur.  Thus,  hS-^  = S . 
Now  S^  separates  A^  into  two  components,  A2  and  B2,  each 
homeomorphic  to  the  interior  of  a 3-annulus,  and  since 
Cl(A^)  is  invariant  under  h,  hA2  = A2 . If  S x (0,1)  is 


viewed  as  a subset  of  S x [0,1]  , assume  A2  is  bounded  by 
2 . 2 

and  S x 0 in  S x [0,1] . Again  there  is  a 2-sphere 

S2  - A2  such  that  S2  does  not  bound  a 3-cell  and  hS2  = S2- 

Continuing  in  this  manner,  we  construct  a sequence, 

IS  j of  h-invanant  2-spheres  such  that  S c a , where 
n n=i  n - n 


n - n 
2 


0 


An  is  the  interior  of  the  3-annulus  bounded  by  S 
2 

ar*d  in  S x [0,1]  , and  does  not  bound  a 3-cell  in 

A . We  may  also  require  that  the  sequence  {S  } °°  satisfy 
n n n=1 

the  following  property:  given  any  collar  C = x [0,c]  of 

2 • 2 

S x 0 m S x [0,1],  there  is  an  n,  n>l,  such  that  Sn  c C. 

To  obtain  this  additional  restriction,  let  {C  } be  the 

n n=l 

2 2 

sequence  of  collars  of  S x 0 in  S x [0,1]  defined  by 

2 n 

Cn  = s x [0,1/2  ],  n>l.  We  choose  as  before.  Since 
Cl(A^)  is  invariant  under  h,  one  may  easily  verify  that 
given  any  collar  C = S2  x [0,c]  of  S2  x 0,  S2  x (0,c]  n 


h (S' 


0,c])  / 0,  and  it  follows  that  there  is  a t, 


0< t<c , such  that  h(S  x ( 0 , t ] ) c C.  Now  choose  an  n(l), 

n(l)>l  such  that  n SQ  = 0,  and  and  t2 , 

satisfying  h(S2  x ( 0 , t-j^  ] ) c Cn^1^  and 
2 2 

h(S  x (0,t2])  c s x (0,t^].  By  Theorem  2.1,  there  is  a 

nontrivial  2-sphere,  S**,  such  that  h2(S**)  = S**,  where 
2 

S**  C S X ( 0 , t 2 ) . Using  Lemma  2.2,  we  alter  S**  with 
arbitrarily  small  isotopies  so  that  the  resulting  2-sphere, 
S* , satisfies  the  properties  that  h2S*  = s*,  S*  n hS|  = 0 
or  S*  n hS|  consists  of  a finite  number  of  simple  closed 
curves  at  which  S^  and  hS|  meet  transversely,  and 


2 

S*  c S x (0,t^).  Since  Cl(A^)  is  invariant  under  h, 

S*  n hS?  cannot  occur.  By  the  choice  of  t.  , hS?  c int (C 

1 1 2 l l-  n(l) 

Applying  Lemma  2.3  to  alter  S*  , all  alterations  are  made  in 

int(Cn^^)  to  obtain  a 2-sphere,  , such  that  does  not 

bound  a 3-cell,  hSn  = S-,  and  S,  c C , . . c A.  . Now  there 

is  an  n(2)  >n(l)  such  that  cn(2)  n = To  construct  S2, 

the  above  procedure  is  repeated  with  replaced  by 

Cn(2)*  We  continue  in  this  manner  to  produce  the  sequence 

{Sn}  ” . The  above  process  is  duplicated  in  , where 

S x (0,1)  - Sq  = A^  u B1 , to  obtain  another  sequence  of 

h-invariant  2-spheres,  {S  } °°  such  that  S c D , where 

D is  the  interior  of  the  3-annulus  bounded  by  S . . and 
n 2 n+1 

2 • 2 

S x 1 in  S x [0,1];  does  not  bound  a 3-cell;  and  given 

o 

any  collar,  D,  of  S x 1 there  is  an  n,  n<-l,  such  that 

S c D. 

n - 

Now,  let  A*  denote  the  3-annulus  bounded  by  S . and 
' n 1 n-1 

S , n>l.  Each  A*  is  invariant  under  h and  h : A*  ->  A*  is 
n n n n n 

a semifree  action,  where  hn  is  the  restriction  of  h to 
A*.  Hence,  by  Lemma  3.2,  there  is  a homeomorphism 

3n:  A*  -+  s2  x [0,1]  such  that  6nhn6n_1  U / 1 ) = (s1(x),t), 

2 2 2 
where  x e S , t e [0,1]  and  s-^ : S ->  S is  the  standard 

2 

semifree  Z^  action  on  S . We  may  also  assume  that  for  each 

2 

n>l,  3n ( S _1)  = S x 0.  Define,  for  each  n>l, 

Sn : S2  x [0,1]  S2  x [(n-1)  /n , n/  (n+1)  ] by  Sn(x,t)  = 

(x , (n-1 ) /n+t/n (n+1 ) ) , and  set  an  = 6 n B n • Then 
aRhnan  ^(x,t)  = (s^(x),t),  where  (x,t)  £ S2  x [(n-1 ) /n , n/ (n+1]  . 


16 


Next,  we  alter  each  to  a homeomorphism 
2 

°n:  An  ^ S * t(n-D/n,n/(n+l)  ] satisfying  the  following: 

i.  a*(x,t)  = an*1(x,t)  for  (x,t)  € S , n>l 

ii.  a*hna*_1 (x, t)  = (S;L(x),t)  for 

( x , t ) e S2  x [ (n-l)/n,n/(n+l) ] . 

First  let  — a-^ . By  using  methods  similar  to  those  in 

Lemma  3.2,  case  2,  we  construct  a2  so  that  a2(x,t)  = 

a*(x,t)  for  ( x , t ) e S1#  and  a*h2a*_1 (x, t ) = 

(s1  (x) , t)  , (x,t)  e S 2 x [1/2, 2/3].  At  the  third  stage 

is  altered  to  a homeomorphism  a^:  A*  -*  S x [2/3, 3/4] 

so  that  a2(x,t)  = a*(x,t)  for  (x,t)  e S2  and  a*h3a*_1 (x , t ) = 

(s^ (x) ,t) , (x , t ) e S2  x [2/3, 3/4].  We  continue  in  this 

manner  to  produce  the  sequence  of  homeomorphisms  {a*} 

n n=l 

For  each  n<-l,  let  A*  denote  the  3-annulus  bounded  by 

Sn  and  Sn+1>  Then  for  each  n<-l,  there  is  also  a homeo- 

2 

morphism  a*:  A*  ->•  S x [- (n/  ( n-1 ) ) , - ((n+l)/n)]  such  that 
an^nan  ~ (s^(x),t),  where 

( x , t ) e S2  x [- (n/  (n-1) ) , - ( (n+l)/n) ] 

an<3  ^n  '*'s  defined  as  above,  and  with  the  additional  property 
that  a^Ujt)  = a*  (x,  t)  for  (x,t)  e SQ,  and  a*(x,t)  = 
an+l(x,t)'  where  € Sn+1  and  n<-2. 

By  the  construction  of  the  sequence  of  2-spheres, 

oo  00  2 

(S)  / U m A = s X (0,1).  Hence,  define 

n=-oo  11  11 

a*:  S2  x (0,1)  + S2  x (-1,1)  by  a*(x,t)  = a*(x,t)  for 

(x,t)  c A*.  Then  a*  is  a homeomorphism  such  that 

a*  ha*  (x , t ) = (s^  (x)  , t)  , where  (x,t)  e S2  x (-1,1).  Finally 


(x,  (t+l)/2) 
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define  6:  s2  x (-1,1)  + s2  x (o , 1)  by  6(x,t)  = 

and  set  a = 6a*.  it  follows  that  aha_1(x,t)  = (s1(x),t), 

where  (x,t)  e S2  x (0,1)  and  s^ : S2  -»-  S2  is  the  standard 

2 

semifree  Z 4 action  on  S . 

b.  Suppose  hA1  = B1 . Then  h2A-[  = A1 , and  it 
follows  easily  from  Theorem  2.1  that  there  is  a sequence, 

OO 

{s  } , of  nontrivial  2-spheres  such  that  h2S  = S ; 

n n=l  n n' 

S c A , where  A is  the  3-annulus  bounded  by  S , and 

ii  ii  n — -L 

2.2  9 

S x 0 m S x [0,1] ; and  given  any  collar  C = Sz  x [0,c] 

2 • 2 

of  S x 0 in  S x [0,1],  there  is  an  Sn  so  that  Sn  f int(C), 

OO 

n-1.  Since  liA-,  = B-,  , ihS^l  is  a sequence  of  nontrivial 
1 1 n n=l 

2-spheres  such  that  h2 (hS  ) = hS  , and  hS  c hA  , where 

n n n - n 

hAn  is  the  annulus  bounded  by  hSn_1  and  S2  x i in  s2  x [0,1] 

OO 

The  sequence  (hS  ) may  also  be  shown  to  satisfy  the 

n n=l 

additional  property  that  given  any  collar,  D,  of  S2  x 1 
2 

in  S x [0,1] , there  is  an  n>l  such  that  hSn  c p.  Let  Aq 
denote  the  3-annulus  bounded  by  S1  and  hS1 . Then  A*  is 
invariant  under  h,  and  by  Lemma  3.2  there  is  a homeo- 
morphism  6Q:  Aj  -*•  S2  x [0,1]  such  that  (x,  t)  = 

(s1(x),l-t),  where  (x,t)  e S2  x [0,1],  hQ:  A*  -»•  A*  is  the 

restriction  of  h to  A*,  and  s^  is  the  standard  semifree 

Z4  action  on  S2.  Let  PQ:  S2  x [0,1]  S2  x [-1/2, 1/2]  be 

defined  by  PQ(x,t)  = (x,t-(l/2)),  and  set  aQ  = Pq^q-  Then 

a0h0a0_1 (x,t)  = (Sp(x),-t),  where  (x,t)  e s2  x [-1/2, 1/2]. 

Let  A*  denote  the  3-annulus  bounded  by  S and  S , n^l. 
n J n n+1 ' 

* 2 

An  is  invariant  under  h , and  it  follows  easily  from 

o 

Theorem  2.1  that  there  is  a homeomorphism  6n:  A*  -*  S x [0,1] 
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such  that  3 h 23  1(x,t)  = (s  2(x),t),  where  h 2 : A*  A* 

n n n l n n n 

is  the  restriction  of  h to  A*.  Define 

n 

Pn  = S2  x [0,1]  ->  S2  x [n/  (n+1 ) , (n+1 ) / (n+2)  ] 
ky  Pn(^,t)  = (x,n/ (n+1)  + t/ (n+1) (n+2) ) , n>l,  and  set 

an  = Pn3n*  Thus'  anhn2an  1(x't}  = (s12(x),t), 

2 

(x,t)  e S x [n/ (n+1) , (n+1) / (n+2) ] . By  an  argument  similar 

to  that  in  case  a,  we  may  assume  that  the  ' s are  chosen 

so  that  an(x,t)  = an+1(x,t),  where  (x,t)  e SR , n>0.  Let 

s:  S2  x (-1,1)  ->  S2  x (-1,1)  be  defined  by  s(x,t)  = 

( s i (x)  ,— t)  . By  construction,  SZ  x (0,1)  = (U  °°  A*)  u 

x n=  0 n 

(Un=0  hA*)  , and  we  define  a*:  S x (0,1)  ->■  S x (-1,1)  by 
a*(x,t)  = an (x, t)  , (x, t)  e A*,  and  a*(h(x,t))  = sa  (x,t), 
where  h(x,t)  e hA* . 

We  claim  that  a*ha*  1 = s.  If  (x,t)  e A*,  then 

n 

h(x,t)  = a*  1sa*(x,t)  by  definition.  It  remains  to  verify 
that  h (h (x, t) ) = a*  1sa*(h(x,t))  for  h(x,t)  e hA*.  By 
definition,  a*(h(x,t))  = sa  (x,t)  and  thus 

a*  1sa* (h (x , t ) ) = a*_1s2an (x , t ) = an_1s2an (x , t ) . 

But  if  ( x , t ) e A*,  n>0,  an_1s2an (x , t ) = h2(x,t)  by  the 
construction  of  a . Hence,  h(h(x,t))  = a*_1sa*(x,t)  and 
the  claim  is  established. 

Finally,  define  x:  S2  x (-1,1)  ->  s2  x (0,1)  by 
x(x,t)  = (x,(t+l)/2)  and  set  a = ra*.  Then  aha  1(x,t)  = 

(s^  (x) , 1-t)  , (x, t)  e S2 


X 


(0,1) . 
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Case  2.  Suppose  SQ  n hSQ  = 0.  Let  S-j.  = SQ  and  AQ 
denote  the  3-annulus  bounded  by  S-^  and  hSj^  in  S x (0,1). 
Then  AQ  is  invariant  under  h,  and  by  Lemma  3.2  there  is  a 
homeomorphism  gQ:  AQ  -*  S2  x [0,1]  such  that  B0h060_1  (x , t ) = 
(Sj.  (x)  , 1-t)  , where  (x,t)  e S2  x [0,1]  and  h^  is  the  restric- 
tion of  h to  Aq.  The  construction  of  the  sequence  of 

2 CO 

h -invariant  2-spheres,  {S  } , and  the  conjugation  map, 

n n=2 

a,  such  that  aha  (x,t)  = (s^(x),l-t)  follows  exactly  the 
method  in  case  lb,  and  hence  will  be  omitted. 

Theorem  3.6.  Let  h:  S2  x (0,1)  -*  S2  x (0,1)  be  a Z 4 
2 

action  on  S x (0,1)  with  fix(h)  0 0.  Then  there  is  a 

2 2 

homeomorphism  a:  S x (0,1)  -*  S x (0,1)  such  that 

— 1 p 

aha  (x,t)  = (S2(x) ,A(t) , where  x e and  t e (0,1) ; 

A(t)  = t or  A(t)  = 1-t;  and  S2:  S2  S2  is  the  standard 

2 

period  4 rotation  on  S leaving  the  poles  fixed. 

Proof  of  Theorem  3.6. 

It  follows  from  our  preliminary  remarks  at  the  beginning 
of  this  section  that  either  fix(h)  is  homeomorphic  to  or 
fix(h)  is  homeomorphic  to  two  open  arcs.  Thus,  we  have  two 
cases  to  consider. 

Case  1.  If  fix(h)  is  homeomorphic  to  two  open  arcs 
2 

then  fix(h)  = fix(h  ).  Moreover,  by  Theorem  2.1  there  is 

2 2 

a homeomorphism  a:S  x ( 0 , 1 ) -+  S x (0,1)  such  that 

ah2a  1(x,t)  = (s22 (x) , t) , (x, t)  c S2  x (0,1).  Thus, 

2 2 2 
(S  x (0,l))/<h  > is  homeomorphic  to  S x (0,1)  and  h 

induces  an  involution  h:  (S2  x ( 0 , 1 ) ) /<h2>  ->  (S2  x ( 0 , 1 ) ) /<h2> 


>0 


such  that  phh  = hph,  where  ph : s2  x (0,1)  -*  (S2  x (0,l)/<h2> 

is  the  natural  quotient  map.  For  simplicity  of  notation 

let  s:  S2  x (0,1)  •>  S2  x (0,1)  be  defined  by  s(x,t)  = 

(S2(x),t).  Then  s also  induces  an  involution 

S:  (S  x (0,l))/<s2>  ->■  (S2  x (0,l))/<s2>  such  that 

pss  = sps,  where  Pg : S2  x (0,1)  -*■  (S2  x (o,l))/<s2>  is 

the  natural  quotient  map.  Since  p I : fix(h)  ->  fix(h) 

h I fix (h) 

is  a homeomorphism,  fix(h)  is  homeomorphic  to  two  open 
arcs.  As  in  the  proof  of  Theorem  2.1,  it  follows  easily 
from  Theorem  1.1,  and  Theorem  1.2  that  there  is  a homeo- 
morphism a:  (s2  x (0,1) ) /<h2>  + (S2  x (0,l))/<s2>  such  that 

aha  1 = s.  By  using  the  same  method  as  in  the  proof  of 
Lemma  3.4,  we  may  lift  a to  a homeomorphism 
a:  [S  x (0,1)  - fix  (h)  ] -*■  [S2  x [0,1]  - fix  (s)]  which  may 

easily  be  extended  to  fix(h)  so  that  aha-1  = s or 

-13.  -a 

aha  = s . But  since  s is  conjugate  to  s , h is  conjugate 

to  s . 

Case  2.  Suppose  fix(h)  is  homeomorphic  to  S^.  Then 

there  is  a collar  B = S2  x [0,b]  of  S2  x o in  S2  x [0,1] 

2 2 

such  that  S x (0,b]  n h(S  x (0,b])  = 0.  Otherwise,  there 

is  a sequence  {(xn,tn)}“  such  that  (xn,tn)  and  h(xn,tR) 

converge  to  <»  in  D = [S2  x (0,1)  u {-“,«>}],  where  D is 

2 

the  two  point  compactif ication  of  S x (0,1).  This  con- 
tradicts the  fact  that  fix(h')  n {-00,00}  = 0 if  fix(h)  is 
homeomorphic  to  S^,  where  h'  : D -*  D is  the  extension  of  h 
to  D.  By  Theorem  2.1,  there  is  a sequence  of  nontrival 

2-spheres,  {S  } “ , such  that  S„  c B,h2S  = S and 
n n=l  ^ n n 


sn+q  f int(Cn),  where  Cn  is  the  3-annulus  bounded  by  S 
2 . 2 

and  S x 0 m S x [0,1].  Also  given  any  collar,  B',  of 
2 

S x 0,  there  is  an  S , n^l,  such  that  S c B'.  Since 

n n - 

S x ( 0 , b ] n h (S  x ( 0 , b ] ) = 0,  {hS  } is  a sequence  of 

n n=l 

nontrivial  2-spheres  such  that  h2(hSn)  = hSn , and 

hSn+i  f int(hCn),  where  hCn  is  the  3-annulus  bounded  by 

2 2 °° 
hS  and  S x 1 in  S x [0,1] . The  sequence,  (hS  } , 

n n n=i 

may  also  be  shown  to  satisfy  the  additional  condition  that 

2 

given  any  collar,  D,  of  S x 1,  there  is  an  n>l  such  that 

hS  c D. 
n - 

Let  Aq  denote  the  3-annulus  bounded  by  and  hS^ . 

Then  AQ  is  invariant  under  h and  fix(h)  5 AQ . Let  hQ 

denote  the  restriction  of  h to  AQ . By  Lemma  3.3  there  is 

2 

a homeomorphism  aQ:  aq  + S x [0,1]  such  that 

a0h0a0  1(x't)  = (s2 (x) ,1-t) , where  (x,t)  e S2  x [0,1]. 

Define  <5 : S2  x [0,1]  -*  S2  x [-1/2, 1/2]  by  <5(x,t)  = 

(x, t- (1/2) ) , and  let  aj  = 6aQ.  Then  aJhQa J_1 (x , t ) = 

(s?(x),-t),  where  (x,t)  e S2  x [-1/2, 1/2].  Let  A denote 
^ n 

the  3-annulus  bounded  by  Sn  and  S ^ n>l.  By  the  con- 

, °°  2 

struction  of  the  sequence  IS  } , S x (0,1)  = 

n n=l 

(un=0An)  u (Un_ghAn) , and  each  An  is  invariant  under  h . 

The  piecewise  definition  of  the  conjugation  map 

2 2 - 1 

a:  S x (0,1)  -*  S x (0,1)  such  that  aha  (x,t)  = 

(s2(x),l-t)  follows  exactly  the  methods  used  in  Theorem 

3.5,  case  lb,  and  is  thus  omitted. 

It  follows  from  Theorem  3.5  and  3.6  and  our  pre- 

2 

liminary  remarks  that  all  Z4  actions  on  S x (0,1)  are 
classified.  Hence,  we  have  the  following  corollary. 
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Corollary. 


S x (0,1)  admits  exactly  four  nonequiva- 


lent actions  up  to  conjugation. 


CHAPTER  FOUR 

2n  ACTIONS  ON  S2  x (0,1)  AND  R3 

In  this  chapter  we  classify  all  cyclic  2n  actions  on 
S2  x (0,1)  and  R3.  In  the  first  section,  the  results 
obtained  in  Chapter  Three  for  Z4  actions  on  S2  x (0,1)  are 
extended  to  2n  actions  on  S2  x (0,1)  for  n>2  by  a simple 
application  of  the  Lifting  Theorem.  In  the  second  section, 
we  show  that  R3  admits  exactly  two  nonequivalent  Z2n 
actions  up  to  weak  conjugation.  The  method  will  be  to 
first  classify  Z^  actions  on  R3  up  to  conjugation,  and 
extend  this  classification  to  Z2n  actions,  n>2,  via  the 
Lifting  Theorem  (Theorem  5.1,  [13]). 

2n  Actions  on  S2  x (0,1) 

We  first  describe  the  standard  2n  actions  on  S2  x (0,1). 

2 3 

View  S as  a subset  of  R in  the  following  manner: 

S2  = {(x1,x2,x3)  e R3  | (xx)2+  (x2)2+  (x^) 2 = 1 } . Now  let  q = 2n  , 

n>2,  where  n is  fixed.  Define  s-^:  S2  -+  S2  by  s1(x1,x2,x3)  = 

(ax1  - gx2, 0x1  + ax2,x3)  and  s2  : S ■>  by  s2(x1,x2,x3)  = 

(ax^  - Bx2  , 3x-^  + ax2  , - x3 ) , where  a = cos  (2ir/q)  and 

B = sin  (27i/q).  The  homeomorphisms  s^  and  s2  may  also  be 

described  in  terms  of  cylindrical  coordinates:  s1(r,0,x3)  = 

(r , 0 + 2Tr/q,x3)  and  s2(r,0,x3)  = (r  , 0 + 27T/q  , - x3  ) , where 
2 

(r, 0,x3)  e S . Thus,  s^  is  the  standard  period  2n  rotation 
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2 

on  S leaving  the  poles  fixed,  and  s2  is  the  standard 

period  2n  rotation  leaving  the  poles  fixed  followed  by  a 

reflection  through  the  equator.  Let  A^:  (0,1)  ->  (0,1) 

be  the  identity  map  and  A2 : (0,1)  + (0,1)  be  defined  by 

A2(t)  = 1-t,  t e (0,1).  Then  <3.^  x A.>,  i = 1,2,  j = 1,2, 

is  the  group  of  standard  2n  actions  on  x (0,1).  We 

o 

will  show  that  given  a cyclic  action,  h:  S x (0,1)  -* 

s x (0,1),  of  period  2n,  n>2,  h is  weakly  conjugate  to 

x A j , i = 1 or  i = 2,  j = 1 or  j = 2 . 

2 2 

Let  h:  S x (0,1)  S x (0,1)  be  a cyclic  action  on 

2 

S x (0,1) , n>2.  If  n = 2,  it  follows  from  Theorem  2.1 
2 

that  fix(h  ) is  homeomorphic  to  two  open  arcs.  In 

2 

particular,  there  are  no  free  Z^  actions  on  S x (0,1). 
Hence,  it  follows  easily  that  there  are  no  free  cyclic 
2n  actions  for  n>2.  The  following  theorem,  although  not 
needed  in  the  sequel,  provides  a more  general  result  in 
this  direction. 

Theorem  4.1.  For  n>2,  there  are  no  free  Z actions 

n 

on  S2  x (0,1). 

Proof  of  Theorem  4.1. 

It  follows  from  our  preliminary  remarks  that  there 

2 

are  no  free  Z2n  actions  on  S x (0,1)  for  n>2.  Now  suppose 
there  is  a free  Z action,  h:  S2  * (0,1)  -*  S2  x (0,1)  , 

where  q is  a prime  number  greater  than  2.  Let 
M = (S2  x (0,l))/<h>  and  let  p:  S2  x (0,1)  M denote 
the  natural  quotient  map.  Since  h is  free,  M is  a 


2 

3-manxfold  and  p is  a covering  map.  Now  tt2(S  x (0,1))  =Z 
2 

and  p * : ^ (S  x (0,1))  -*  M is  an  isomorphism.  Hence, 

2 (M)  0 0 and  by  the  Generalized  Sphere  Theorem  [4]  , M 

contains  a 2-sphere  or  two-sided  projective  plane  which  is 

nontrivial  in  M.  We  denote  this  surface  by  F.  Since  p is 

2 

a covering  map  and  S x (0,1)  contains  no  projective  plane, 

each  arc  component  of  p (F)  is  homeomorphic  to  S . Let 

* , -1 

F be  an  arc  component  of  p (F) , and  p*  = pjF*.  If  F is 
homeomorphic  to  P , where  P is  the  two-dimensional  pro- 
jective plane,  then  p*  is  a 2-1  cover,  and  there  is  a deck 

2 2 

transformation  g:  S x (0,1)  -*  S x (0,1)  such  that 
g ( F * ) = F*.  Thus  g is  an  involution  and  g e <h>,  con- 
tradicting the  fact  that  every  element  of  the  group  <h>  is 

of  prime  order  q.  Hence,  F is  homeomorphic  to  S2  and 

4 

p*  is  a 1-1.  Now  p F = F* , where  each  F*  is  a non- 

2 

trivial  2-sphere  in  S x (0,1).  We  may  assume  that  the  arc 

q 

components,  {F^}^_  , have  been  labelled  so  that  the  3- 

annulus , Ai , bounded  by  F|  and  S2  x 0 in  S2  x [0,1]  has 

the  property  that  A±  n (p_1F  - ( y±  F*)  ) = 0,  i,j  = 1,2, 3, 4. 

Now,  there  is  a deck  transformation,  h':  S2  x (0,1)  S2  x (0,1) 

such  that  h'F|  = F*.  By  our  choice  of  labelling,  F*  sepa- 
2 

rates  S x (0,1)  into  two  open  3-annuli,  B1  and  B2 , such 

that  B.  n p 1F  = 0 or  B,  n p_1F  = 0.  But  h'F*  = f* 

2 

separates  S x (0,1)  into  h'B^j^  and  h'B2  with  h'Bi  n p_1F  0 0, 
i = 1,2.  This  is  a contradiction  since  the  set  p_1F  is 
invariant  under  h'.  Thus,  there  are  no  free  Z actions  on 

q 


(0,1)  where  q is  a prime. 


Now  suppose  there  is  a free  Z n action,  h:  S2  x (0,1) 

2 

S x (0,1)  where  n>2.  We  factor  n into  n = 2mp1p2...pk, 
where  the  pi  are  primes  distinct  from  2 and  m>0.  If  n = 2 
m>2,  then  h is  a free  Z^m  action  which  is  a contradiction 
by  our  preliminary  remarks.  If  n ^ 2m,  then  hk  is  a free 
action  of  prime  period  p^>2,  where  k = 2mp2p2 . . . p^ , again 
a contradiction.  Hence,  there  are  no  free  Zn  actions  on 
S2  x (0,1)  for  n>  2 . 

Now  let  h:  S2  x (0,1)  ->  S2  x (0,1)  be  a cyclic  2n 
2 

action  on  S x (0,1),  n>2,  and  let 


D - [S  x (0,1)  u {-«),<»} 


j 

denote  the  two  point  compactif ication  of  S x (0,1). 

3 

Then  D is  homeomorphic  to  S and  h has  an  extension 


K1 

h : D D.  Moreover,  (h1)  is  an  involution  with 

kl  -1 

{ — oo,  oo } c f ix  ( (h ' ) ),  where  = 2n  i.  By  Smith's  Theorem 

kl  1 kl 

[18],  f ix ( (h 1 ) ) is  homeomorphic  to  S , and  thus  fix(h  ) 

k2 

is  homeomorphic  to  two  open  arcs.  If  n>2,  (h1)  is  an 

orientation  preserving  homeomorphism  with  {-00,00} 


w 2 — -K  O 

Thus  f ix  ( (h ' ) ' 


is  homeo- 


fix((h’)  ),  where  k2  = 2 
1 k2 

morphic  to  S and  fix  (h  ) is  homeomorphic  to  open  arcs. 
k2  kl  k2 

But  fix(h  ) c fix(h  ) and  fix  (h  ) is  contained  as  a 

kl  k2 

closed  subset  of  fix(h  ) , and  it  follows  that  fix(h  ) = 

kl 

fix(h  ).  Applying  this  reasoning  n-1  times  we  obtain 
2.4  . ki 

fix(h  ) = fix(h  ) = ...  = fix(h  x),  and  fix(h  x)  is  homeo- 


morphic to  two  open  arcs.  The  following  lemma  classifies 
2 

h up  to  weak  conjugation. 


Lemma  4.2. 


X 


Let  g:  S2  x (0,1) 

2n  action  on  S2  x (0,1)  such  that 

two  open  arcs  and  fix(g)  = fix(gk) 

2 

is  a homeomorphism  a:  s x (0,1)  -> 

-1  _ 2 
<aga  > - <s1  x A^>  where  s-^:  S ->• 

are  as  defined  above. 


->  S x (0,1)  be  a cyclic 
fix(g)  is  homeomorphic  to 
, l<k<2n-l.  Then  there 


S x (0,1)  such  that 
S2  and  a2:  (0,1)  + (0,1) 


Proof  of  Lemma  4.2. 

If  n = 1,  g is  an  involution,  and  the  conclusion  easily 

follows  from  Theorem  1.1  and  Theorem  1.2.  Assume  the  lemma 

is  true  for  2n  1 actions,  and  let  g:  S2  x (0,1)  -*  S2  x (0,1) 

be  a cyclic  2n  action  with  fix(g)  = fix(gk),  l<k<2n-l, 

where  fix(g)  is  homeomorphic  to  two  open  arcs.  By  our 

induction  hypothesis,  (S  x (0,l))/<g  > is  homeomorphic  to 
2 

S x (0,1),  and  g induces  a homeomorphism 

9* : (S  x (0,l))/<g2>  -+  (S2  x (0,l))/<g2>  which  makes 

the  following  diagram  commute: 


2 g 2 
S x (0,1)  , 

P „ 

g * 

(S2  x (0,1)  ) /<  g2  > ^ (S 

where  p:  S2  x (0,1)  -v  (S2  x (0,l))/<g 
quotient  map.  Let  s:  S2  x (0,1)  + S2 
s(x,t)  = ( s^ (x ) , ( t ) ) . Then  s also 
morphism  s*:  (S  x (0,l)/<s  > (s  x 

that  p-^  = s*p1,  where  p± : S2  x (0,1) 
is  the  natural  quotient  map.  By  case 


x (0,1) 

P 

2 x (0,1) ) / <g2> , 

2 

> is  the  natural 
x (0,1)  be  defined 
induces  a homeo- 
(0,1)  ) /<  s2>  such 
+ (S2  x (0,1)  )/<s2 
n = 1 , there  is  a 


> 


by 


2 7 7 i 

homeoraorphism  a':  (S  x (0,l))/<g  > (S  x (0,l))/<sz> 

such  that  a ' g*a  ' = s*  . Since  a^pvt(fT^(S^  x (0,l)-fix(g))) 

2 

P1*(fr1(S  x (0 ,1)  - fix  (s)  ) ) , by  the  Lifting  Theorem,  there 

2 

is  a homeomorphism  a:  [S  x (0,1)  -fix(h)]  -* 

2 

[S  x (0,1)  -fix(s)],  which  can  be  easily  extended  to 
fix(h) , so  that  <aha  = <s>.  Hence,  the  lemma  is 
established . 

The  following  two  theorems  classify  all  Z ^ n actions  on 
S2 *  x (0,1)  , n> 2 . 

Theorem  4.3.  Let  h:  S2  x (0,1)  ->  S2  x (0,1)  be  a 

2 

semifree  Z2n  action  on  S x (0,1) , n>2.  Then  there  is  a 

2 7 

homeomorphism  a:  S x (0,1)  -»■  S x (0,1)  such  that 
<ahcx  ^">  = <s2  x A^>  or  <aha  1>  = <s2  x X2>. 

Proof  of  Theorem  4.3. 

Let  h:  S2  x (0,1)  ->  S2  x (0,1)  be  a semifree  Z2n 
2 

action  on  S x (0,1) . If  n = 2,  the  conclusion  follows 
from  Theorem  3.5,  and  hence  we  assume  n>2.  By  our  pre- 
liminary remarks,  it  follows  that  fix(h2)  = fix(h4)  = ...  = 
fix(h  ) , where  = 2n  , and  fix(h  ^)  is  homeomorphic  to 
two  open  arcs.  By  Lemma  4.2,  (S2  x (0,l))/<h4>  is  homeo- 

morphic to  two  open  arcs.  There  are  two  cases  to  consider. 

2 7 

Case  1.  Consider  S x (0,1)  as  a subset  of  S x [0,1] 

and  suppose  that  for  every  collar  C = S2  x [0,c]  of  S2  x 0 

in  S2  x [0,1],  S2  x (0,c]  n h(S2  x (0,c])  ^ 0.  Let 
2 2 

s:  S x (0,1)  -*  S x (0,1)  be  defined  by  s(x,t)  = 

2 2 

(s2  (X)  ,X1  (t)  ) , where  s2 : S ->-  S and  (0,1)  ^ 


(0,1) 


are  as  defined  above.  Let  Pg : s2 *  x (0,1)  ->  (s2  x (0,1))/<S4>, 
and  p^ : S x (0,1)  (S  x (0,l))/<h4>  be  the  natural 
quotient  maps.  Now,  h induces  a homeomorphism 

x (0,l))/<h  > ->  (S2  x (0,l))/<h4>  and  s induces 
the  standard  homeomorphism  s:  (S2  x (0,1)  ) /< s4 > -> 

(^  x (0/l))/<s  > which  make  the  following  diagrams  commute: 


S2  X 

(0,1) 

h 

> 

s2  X 

(0,1) 

Ph 

Ph 

(S2  X (0,1) )/<h4> 

h 

>- 

(S2  X (0,1) )/<h4> 

S2  x 

(0,1) 

s 

^ 

S2  x 

(0,1) 

Ps  - 

Ps  • 

(S2  x (0,1) )/<s4> 

s 

y 

(S2  > 

(0,1) ) /<  s4  > 

2 4 o 

By  Lemma  4.3,  (S  x (0,l))/<h  > is  homeomorphic  to  x (0,1) 

and  it  can  be  easily  shown,  using  the  above  diagram,  that 

given  any  collar  c = S2  x [ 0 , c]  of  S2  x 0 in  S2  x [0,1], 

Ph  (S  x (0,c] ) n h(p^(s2  x (0,c]))  0 0.  Hence,  by  Theorem 

3.5,  there  is  a homeomorphism  a:  (S2  x (0,l))/<h4>  -»■ 

(S2  x (0,1)  ) /<  s4>  such  that  "aha  1 = s’.  Since 

2 p « 

a*Ph*(7T1(S  x (0,1)  - fix  (h  ) ) ) = Ps*  (fT1  (S  x (0,1)  - fix(s2)  ) ) , 


by  the  Lifting  Theorem,  there  is  a homeomorphism 
a:  [S2  x (0, 1)  - fix  (h2)  ] ->  [S2  x (0,1)  - fix  (s2]  such  that 

<aha-1>  = <s|[s2  x (0>1)  _fix(s2)r 


Since 


6 0 


fix  (h 
and  a 


0 : fix(h2)^  fix(h2),  p 
^ \ s 


fix  ( s2 ) 


: fix(s' 


fix  (s  ) , 


fix (n  ) 


—2  . —2 

fix(h  ) fix(s  ) are  homeomorphisms , we  may 


extend  a:  S2  x (0,1)  by  defining  a(x,t)  = p 1ap,  (x,t)  for 

s 

2 

(x,t)  e fix(h  ).  Thus,  we  have  a homeomorphism 

2 2 _ i 

a:  S x (0,1)  -*■  S x (0,1)  such  that  <aha  > = <3^,  x A,>. 

2 

Case  2.  Suppose  there  is  a collar  C = S x [0,c]  of 

2,2  2 
S X o in  S X [0,1]  such  that  S x (0,c]  n h(Sz  x (0,c])  =0. 

Let  s:  S2  x (0,1)  -+  S2  * (0,1)  be  defined  by  s(x,t)  = 

(s2 (x) , ^2 ( t) ) • By  a completely  analogous  argument  to  that 

2 

in  case  1,  there  is  a homeomorphism  a:  S x (0,1)  ->• 

2 -1 

S x (0,1)  such  that  <aha  > = <s>.  This  completes  the 
proof  of  Theorem  4.3. 


Theorem  4.4.  Let  h:  S2  x (0,1)  ->  S2  x (0,1)  be  a 
2 

Z2n  action  on  S x (0,1)  with  fix (h)  ^ 0,  n>2.  Then  there 
is  a homeomorphism  a:  S2  x.  (0,1)  + s2  x (0,1)  such  that 
<aha  = <s^  x A^>  or  <aha  = <s^  x A2>. 


Proof  of  Theorem  4.4. 

Let  h:  S2  x (0,1)  -y  S2  x (0,1)  be  a cyclic  2n  action 

2 

on  S x (0,1)  with  fix(h)  ^ 0,  n>2.  If  n = 2,  the  conclu- 
sion follows  from  Theorem  3.6,  and  hence  we  assume  n>2. 
Again,  it  follows  from  our  preliminary  remarks  that 

n a k -I  -1 

fix(h  ) = fix(h  )=...=  fix(h  ),  where  k.  = 2n  , and 
kl 

fix(h  ) is  homeomorphic  to  two  open  arcs.  By  Lemma  4.2, 

2d  2 

(S  x (0,l))/<h  > is  homeomorphic  to  S x (0,1).  There 


are  two  cases  to  consider. 
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2 

Case  1.  Suppose  there  is  a collar  C = S x [0,c]  of 
S2  x 0 in  S2  x [0,c]  such  that  S2  x (0,c]  n h(S2x(O,c])=0. 
Let  s:  S2  x (0,1)  + S2  x (0,1)  be  defined  by  s(x,t)  = 

(sx  (x)  , X2  (t)  ) , and  ph:  S2  * (0,1)  -*  (S2  x (0,l))/<h4> 
and  ps:  S x (0,1)  + (SZ  x (0,l))/<s4>  denote  the  natural 
quotient  maps.  Now,  h induces  a homeomorphism 
h:  (S  x (0,l))/<h4>  (S2  x (0,l))/<h4>  such  that 

= Pb^1'  w^th  fix(h)  0 0.  Similarly,  s induces  the 
standard  homeomorphism  s:  (S2  x (0,l))/<s4>  -> 

(S2  x (0,1) ) /<s4>  such  that  sp  = p s.  By  Theorem  3.6, 
there  is  a homeomorphism  a : (s2  x (0,l))/<h4>  + 

(S2  x (0,l))/<s4>  such  that  aha  ^ = s . Since 

Ph*a*  (S2  x (0,1)  - fix(h2)  ) ) = Pg*  (ti1  (s2  x (0,1)  - fix(s2)))  , 
by  the  Lifting  Theorem,  there  is  a homeomorphism 
a:  [s2  x (0,1)  - fix(h2) ] + [S2  x ( 0 , 1 ) - f ix ( s2 ) ] , which 
can  be  easily  extended  to  fix(h2)  so  that  <aha-1>  = <s>. 

Case  2.  Suppose  for  every  collar  c = S2  x [0,c]  of 
S2  x o in  S2  x [0,1],  S2  x (0  , c]  n h(S2  x (o,cj)  0 0. 

Let  s:  S2  x (0,1)  S2  x (0,1)  be  defined  by  s(x,t)  = 

( (x ) , ( t ) ) . By  using  an  argument  completely  analogous 

to  that  used  in  case  1,  or  appealing  to  Lemma  4.2  directly, 
there  is  a homeomorphism  a;  s x ( q , l ) ^ sA  x ( q , 1 ) such 
that  <aha  > = <s>.  This  completes  the  proof  of  Theorem 
4.4. 

It  follows  easily  from  Theorem  1.1  and  Theorem  1.2 
that  there  are  seven  nonequivalent  involutions  on  S2  x (0,1) , 
and  it  follows  from  Lemma  4.1,  Theorem  4.3,  and  Theorem  4.4 
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that  there  are  four  nonequivalent  Z2n  actions  on  S2  x (0,1) 

for  n>2 . We  thus  have  a complete  classification  of  all 

2 

Z2n  actions  on  S x (0,1),  n>l. 

Cyclic  2n  Actions  on  R3 

We  first  describe  the  standard  actions  of  period  2n  on 
3 3 

R , n>2.  Let  (r,0,z)  e R be  expressed  in  cylindrical 
coordinates  and  q = 2n,  where  n is  fixed.  Define 
sq  : R -*■  R by  s^(r,0,z)  = (r,  0 + 2ir/q,  z)  and  s2:  R2  ->■  R3 
by  s2(r,0,z)  = (r , 0+2r/q , -z ) . Thus  s^  is  the  standard 
period  2n  rotation  about  the  z-axis,  and  s2  is  the 
standard  period  2n  rotation  about  the  z-axis  followed  by 
a reflection  through  the  xy-plane.  An  alternate  definition 
of  s^  and  s2  in  terms  of  rectangular  coordinates  is  the 
following : 

s1(x1,x2,x2)  = (ax-^  - 0x2  , 3x^  + ax2  , x^  ) and 

s2^xl,x2'x3^  ~ (axq-Bx2'Bx^  + ax2,-x2), 

^xl,x2,x3^  e w^ere  a = cos(2Tr/q)  and  3 = sin(2ir/q). 

Then  <s^^s2>  is  the  group  of  standard  2n  actions  on  R3 . 

We  will  show  that  given  a cyclic  action,  h:  R3  R3,  of 

period  2n,  n>2,  h is  weakly  conjugate  to  s-^  or  s2. 

3 3 

Let  h:  R R be  a cyclic  action  of  period  2n  on 

R , n>2.  By  taking  the  one  point  compactif ication  of  R3 , 

we  obtain  an  extension,  h’:  S3  S3,  of  h with  fix(h’)  ^ 0. 

2 3 3. 

Since  (h1)  : S ->  S is  an  orientation  preserving  homeo- 

morphism  of  period  2n  3 , it  follows  from  Smith's  Theorem 


[18],  that  fix((h')2)  is  homeomorphic  to  S 3 . Since 
fix(h')  0 0,  fix(h')  is  homeomorphic  to  S1,  i = 0,1,2 
(see  [18]).  But  fix(h')  5 fix((h')2),  and  thus  either 
fix(h')  is  homeomorphic  to  S°  or  S1.  it  follows  that 
either  fix(h)  is  homeomorphic  to  a single  point  or  an 
open  arc.  The  next  two  lemmas  establish  our  results  for 
the  special  case  where  n = 2. 

Lemma  4.5.  Let  h:  R -+  R3  be  a action  on  R3  with 
fix  (h  ) homeomorphic  to  sn  open  arc,  l^k<4.  Then  there  is 
a homeomorphism  a:  r3  r3  such  that  aha-1  = S;L , where 
s1(x1,x2,x3)  = ( ~X2 ' Xg ' X3 ) • 

Proof  of  Lemma  4.5. 

2 

By  Theorem  1.1,  h is  conjugate  to  the  standard 
orientation  preserving  involution  on  R3 , and  thus  R3/<h2> 

is  homeomorphic  to  R3.  Let  ph : r3  -*  R3/<h2>  and 

3 3 2 

Ps : R R /<sp  > denote  the  natural  quotient  maps.  Now 
h induces  an  involution  h:  R3/<h2>  R3/<h2>  such  that 

P^h  = ^^h  fix(h)  homeomorphic  to  an  open  arc,  and  s^ 

induces  the  standard  orientation  preserving  involution 
sq : r3  / <s12>  ■*"  r3/<s12>  such  that  ps1  = s^.  Again  ap- 
plying Theorem  1.1,  there  is  a homeomorphism 
a:  R3/<h2>  -*■  R3/<s^2>  such  that  aha  3 = . Now 

a*Ph* (nq(R  -fix(h  )))  = Ps*(n^(R3-fix(s^2)))  and  by  the 
Lifting  Theorem,  there  is  a homeomorphism 
a':  [R  - f ix (h3 ) ] [R3-fix(s^2)]  which  can  be  easily 

extended  to  a homeomorphism  a;  R R such  that 


aha  or  aha  - s^3.  But  and  s^3  are  conjugate 

and  thus  the  lemma  is  established. 


3 3 o 

Lemma  4.6.  Let  h:  R -*  R be  a Z ^ action  on  R with 

fix(h)  consisting  of  a single  point.  Then  h is  conjugate 

to  s 2 where  s2(x1,x2,x3)  - (-x2 ,x± ,-x3) . 


Proof  of  Lemma  4.6. 

By  our  preliminary  remarks  fix(h2)  is  homeomorphic  to 
an  open  arc.  Now  let  N be  a regular  neighborhood  of  fix(h) 
with  9n  = Sq.  Then  R3  - N is  homeomorphic  to  S2  x (0,1)  and 
^|ci(R3-N):  - N)  ^ C1(R3-N)  is  a action  on 

C1(R3-N)  with  fix(h|cl(R3.N))  = 0,  and  fix  (h2  | C1  ( R3  _ N , ) 
homeomorphic  to  two  half-open  arcs.  Using  the  methods  of 
Lemma  2.4,  we  can  construct  a 2-sphere  S c R3  - N such 
that  does  not  bound  a 3-cell  in  R3  - N and  either  hS-^  = 
or  hS^  n = 0 Since  N is  invariant  under  h,  hS1  n S1  = 0 
cannot  occur,  and  thus  hS-^  = divides  R3  into  an 

open  3— ball,  B2,  and  an  open  3— annulus,  A2 , such  that 
~ A2 * Again,  there  is  an  h-invariant  2-sphere 
S2  - A2  suc^  that  S2  does  not  bound  a 3-cell  in  A2 . Con- 
tinuing in  this  manner  we  construct  a sequence,  (s  } , 

M n n=l 

of  h— invariant  2— spheres  such  that  c A , n-1,  where 

3 

A.  = Cl (R  - N) , and  S does  not  bound  a 3-cell  in  A . 

-l  n n 

Now  let  C denote  the  3-annulus  bounded  by  S , and  S 
11  n-1  n 

n>l.  We  may  assume  that  the  sequence  {S  } is  chosen 

oo  3 n n=1 

so  that  N u ('-ln_1cn)  = R • It  follows  easily  from  Lemma 

3.2  that  there  is  a homeomorphism  a'  : C -*■  D . n^l 

n n n ' ' 


such  that  ot^h^a^  1 = s2|D  , where  hn  is  the  restriction  of 
h to  Cn  and  Dn  = {(x1,x2,x3)  e R3  I n < (x  ) 2 + (x2)2  + 


2 

( x 3 ) < (n+1 ) } . Moreover,  by  using  methods  similar  to  those 

in  the  proof  of  Lemma  3.2,  case  2,  each  may  be  altered 
to  a homeomorphism  a : C -*  D such  that  a 


n 


an+l  S ' 
n 


n>l.  Define  a:  Cl (R3  - N)  - C1(R3-B1)  by  a(x1,x2,x3)  = 

an^xl'x2,x3^  f°r  (x^'x2'x3)  e C , where  B^  denotes  the 
standard  unit  3-ball  in  R3.  Finally,  a may  be  extended  to 
N by  coning  over  the  boundary  of  N to  obtain  a homeomorphism 

S2 ' 


a:  R3  -*  R3  such  that  aha  1 


Combining  Lemmas  4.5  and  4.6,  we  have  the  following 
corollary. 

Corollary.  R3  admits  exactly  two  nonequivalent  Z , 


actions  up  to  conjugation. 


The  following  theorem  classifies  all  Z2n  actions  on 
R for  n>2  up  to  weak  conjugation. 

Theorem  4.7.  Let  h:  R3  -*  R3  be  a cyclic  action  of 
period  2n,  n>2.  Then  there  is  a homeomorphism  a:  R3  ->  R3 
such  that  <aha  = <s-^>  or  <aha  = <s2>,  where  and 
s2  are  as  defined  above. 

Proof  of  Theorem  4.7. 

By  our  preliminary  remarks,  fix(h)  is  either  a single 
point  or  an  open  arc.  We  thus  have  two  cases  to  consider. 

Case  1.  Suppose  fix(h)  is  homeomorphic  to  an  open  arc. 
Then  fix(h  ) is  homeomorphic  to  an  open  arc  for  l<k<n.  The 


existence  of  the  conjugation  map,  a,  such  that  <aha  = 
<sl>  follows  easily  by  induction  using  a method  similar  to 
that  used  in  the  proof  of  Lemma  4.5  and  is  thus  omitted. 

Case  2.  Suppose  fix(h)  is  a single  point.  If  n = 2, 
the  conclusion  follows  from  Lemma  4.6,  and  hence  we  assume 
that  h:  R ->  R is  a cyclic  action  of  period  2n,  n>2.  Now 

, 2 • o 

n is  an  orientation  preserving  homeomorphism  on  RJ  and 
2 

thus  fix (h  ) is  homeomorphic  to  an  open  arc.  It  can  also 
be  shown  that  fix(h2)  = fix(h4)  = ...  = fix(h  X) , where 
kl  = 2n  1-  Thus,  by  case  1,  h4  is  standard  and  R3/<h4> 
is  homeomorphic  to  R3.  Let  S2 : R3  ->  R3  be  as  defined  above, 
and  let  p^ : R -*  R / <h  > and  pg : R3  -+  R3/<S24>  denote  the 
natural  quotient  maps.  Both  h and  S2  induce  homeomorphisms 
h and  S2  such  that  p^h  = hp^  and  PSS2  = S2PS*  By  Lemma  4.6, 


there  is  a homeomorphism  a:  R3/<h4: 


3 4 

R /<s2  > such  that 


aha  1 - s2.  Since  a*ph*  (tt1  (R3  - f ix  (h2 ) ) ) = 

3 • 2 

Ps* ~ fix  (S2  ) ) ) , by  the  Lifting  Theorem  there  is 
a homeomorphism  a:  [R3-fix(h2)]  ->  [R3  - fix  (s22)  ] such 


-1. 


o _ >.  Since  p and  pc  are 

RJ  - fix (s22)  h S 


that  <aha  > = <S2 

one-to-one  on  fix(hz)  and  fix(s2^)  respectively,  a can  be 

easily  extended  to  fix(h2)  by  defining  a (x^  rx2 ,x3)  = 

-1—  o 

Ps  aPn ' x2 ' x3 ^ f°r  ^xi,x2'x3^  e ).  Thus,  there 

is  a homeomorphism  a:  R3  -*■  R3  such  that  <aha-1>  = <s2>. 

The  completes  the  proof  of  Theorem  1. 


In  [12] , Kwun  and  Tollefson  established  the  uniqueness 
of  orientation  preserving  PL  involutions  of  Euclidean 


3-space,  and  it  follows  easily  from  a more  general  result 
by  the  same  authors  (see  [11])  that  there  are  two  orienta- 
tion reversing  PL  involutions  up  to  conjugation.  Thus, 

R admits  exactly  three  nonequivalent  PL  involutions  up 
to  conjugation.  This  combined  with  Theorem  4.7  gives  a 
complete  classification  of  2n  actions  on  R3 , n>l,  up  to 


weak  conjugation. 
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